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CHAPTER 1: INTRODUCTION 
1.1 Background and rationale 
Spherical shells are used as structural elements extensively in many 
applications, such as aerospace, nuclear, offshore, petroleum and transport. As the 
shells are subjected to various loading conditions such as external pressure, seismic or 
thermal loads, compressive membrane forces are developed which may cause the 
shells to fail due to compressive instability. 
For spherical shells under external pressure, comparisons between buckling 
loads from testing and theoretical considerations have demonstrated large 
discrepancies. The load that an externally pressurized spherical shell can support is 
significantly below the classical elastic buckling. The discrepancies between test and 
theory are attributable to various material and geometric imperfections that arise 
during different fabrication procedures. The extreme sensitivity to small initial 
imperfections or deviations from the perfect geometry is due to the unstable 
postbuckling strength of spherical shells and residual stresses. 
In order that the shells perform their intended function adequately, sufficient 
design margins against buckling should exist. These design margins are established 
by means of theoretical and/or numerical analysis and on comparison with test results, 
if available. In order to perform a numerical analysis, the information provided to 
the structural engineer with regard to the critical initial geometric imperfection and 
residual stresses is not adequate. 
2 
1.2 Objectives 
The objectives of the research are as follows: 
(i) To identify the amplitude and the wave length of a suitable 
axisymmetric geometric imperfection that can be used in a design 
environment for the buckling analysis of spherical shells. 
(ii) To determine a material model that incorporates residual stress effects 
and other material nonlinearities. 
Both objectives will describe a design imperfection which can be incorporated 
into an analytical model of an axisymmetric shell to study buckling behavior. 
1.3 Methodology 
The objectives were accomplished by examining two techniques for 
incorporating geometric and material imperfections and selecting the most 
conservative or worst reasonable imperfection. 
Initially, the different loadings appropriate to the situations that are 
encountered in analysis of practical structures are identified. They are external 
pressure loading, gradient loading similar to self weight, and ring loading on an 
axisymmetric penetration. The external pressure cases correspond to a commonly 
occurring loading condition. The gradient loading is representative of the stress state 
prevalent in spherical shells subjected to horizontal and vertical base accelerations. 
The behavior of a ring loaded axisymmetric penetration located at the apex of a 
3 
spherical cap is a common problem in containment structures and other spherical 
vessels. 
The work presented herein begins with a brief description of shell buckling 
behavior followed by a literature survey wherein a review of current buckling analysis 
techniques, design methodology and effect of imperfections is presented and the 
experimental results used in the analysis are discussed. 
The numerical analysis required in this study was performed using the 
B0S0R4 and B0S0R5 finite difference axisymmetric software packages. The 
packages were selected based on availability, ease of usage and wide acceptance. The 
process involved in numerical prediction of buckling pressures by the BOSOR 
programs is presented. The programs are verified with respect to several test cases 
and with reference to the usage by others. 
The components of the numerical analysis were: 
(1) Identification of the worst axisymmetric geometric imperfection by 
examination of the effect of different shapes and locations. 
(2) Generation and comparison of the lowest buckling loads, for shells of different 
radius to thickness (R/t) ratios, 
(3) Incorporation of the residual stresses in the material model by two different 
methods. The first was in the form of an idealized stress strain curve derived 
from test results and the second was a simulation of the residual stress effects 
by cold bending. 
4 
(4) Comparison of the available experimental results with analytical predictions 
(external pressure cases only). 
Based on the numerical analysis, appropriate design recommendations in the 
form of design aids were made. The design aids presented herein are graphical in 
nature and relate the shell parameters with the amplitudes of recommended design 
imperfections. 
5 
CHAPTER 2; LITERATURE REVIEW 
The present chapter summarizes the current progress in the evaluation of 
spherical shell buckling strength, A conceptual description of shell buckling behavior 
is followed by a review of theoretical investigations. The shortenings of the 
theoretical evaluations are illustrated by comparison with experimental results. A 
description of the current design methodology and research on material and geometric 
imperfections is presented. 
2.1 Conceptual description of shell buckling behavior 
Before considering various buckling assessment techniques, a conceptual 
description of the instability behavior of shell is appropriate. Figure 2.1 indicates the 
possible load-displacement behavior of a shell, e.g., a spherical shell under uniform 
pressure [1]. The loading may progress along a fundamental path OBA. The 
deformed shape of the structure remains essentially same along this path with only the 
magnitude of the displacements increasing, e.g., axisymmetric shape for uniform 
external pressure. The axisymmetric deformation continues along the equilibrium 
path OA. The point A where the maximum load is reached is termed as the limit 
point buckling load or the plastic collapse load, PL- The path OA is called the 
primary equilibrium path. For this behavior, the "failed" deflected shape differs from 
the initial deflected shape only in magnitude. 
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LOAD 
Limit Load of 
Perfect Shell 
Bifurca­
tion 
Post- ^ 
Buckling 
Limit Load of 
Imperfect Shell 
DISPLACEMENT 
Fig. 2.1 Load deflection curve indicating fundamental and 
post buckling paths (from [1]) 
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For many shell configurations and loadings, e.g., uniform compression of a 
spherical shell, an alternative equilibrium path is available. That is, a bifurcation 
point exists at point B, at which two equilibrium shapes are possible: an axisymmetric 
deformed shape along path OA or an asymmetric deformed shape along path BD. At 
this point the shell will follow the path of the least energy, i.e., path BD. This 
behavior is called bifurcation buckling and path BD is called a secondary or 
postbuckling path. Deformations along this path differ completely from the 
prebifurcation path, e.g., asymmetric buckling of a uniformly compressed sphere in 
which wrinkles or lobes form around circumference. 
Most real structures are imperfect, i.e., they contain real deviations from 
perfect geometry when built. In addition, the material of construction can be 
nonhomogeneous. Other imperfections in the material are residual stresses that arise 
due to fabrication methods such as cold bending and welding. For such structures the 
load-displacement path follows OEF. The failure corresponds to the collapse load, 
PE, at point E. The deformation mode at point E may include both symmetric and 
asymmetric components. For the imperfect shell case, the distinction between plastic 
collapse and bifurcation buckling is not very clear. The deformed shape at maximum 
load can be similar to the prebuckled shape, the perfect bifurcation buckled shape, the 
dominant imperfection mode, or a combination of the three. Based on the behavior of 
the shell, viz., elastic or inelastic, prior to the achievement of bifurcation load or 
limit load, the buckling is characterized as elastic or inelastic. 
8 
An alternate representation the load-deformation behavior is presented in 
Figure 2,2. The buckling modal displacement, w*", is plotted as a function of the 
load. The bifurcation buckling mode for the perfect shell is orthogonal to the 
prebuckling deformation and, hence, its amplitude is zero until bifurcation buckling 
point B is reached. The post buckling path, BD indicates that the shell is unstable. 
For the imperfect structure, the deformation can be expressed as a sum of the three 
components as mentioned in the above paragraph. If the amplitude of the bifurcation 
modal component vs. load is plotted as a function of the load, it will trace the path 
OEF. The amplitude, w*", would increase at an increasing rate until nonlinear 
collapse occurs at the reduced load Pe- Shells which exhibit the behavior indicated in 
Figure 2.2 are termed as imperfection sensitive because the buckling loads are less 
than those for the perfect shell. 
The purpose of shell buckling analysis is to predict the load displacement 
behavior, i.e, path OBA, OBD or OEF. The analysis of the behavior, even in the 
most simple cases such as a thin circular cylinder under axial load or a thin complete 
sphere under external pressure, has proven to be extremely complex. For these 
cases, the buckling load predicted by classical small displacement theory is well above 
the experimental results (by 3 to 5 times). 
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LOAD 
Bifurcation 
^/^Point Post-Buckling of 
Perfect Stiell 
limit Load of Imperfect 
Shell (Asymptotic 
Analysis) 
DISPLACEMENT w" 
Fig. 2.2 Alternative representation of the load deflection 
curve (from [1]) 
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Analytical research in the analysis of shell buckling is focused primarily in two 
areas. The first is in theoretical development of buckling theories. The second area 
is in the numerical evaluation of the shell strength. Extensive experimental testing 
has also been conducted. A complete review of the state of the art in the prediction of 
shell buckling strength is reviewed in [1, 2, 3, 4, 5] 
2.2 Theoretical shell buckling predictions 
The buckling of shallow spherical caps under uniform external pressure has 
been the focus of many theoretical investigations. The classical small displacement 
theory, based on the assumption of infinitesimal displacements from the prebuckled 
solution, i.e., along path OBA (Figure 2.1), which is linear, predicts the critical value 
of the external pressure at buckling in the shape of Legendre Polynomials [2, 6]. The 
minimum buckling pressure was determined to be: 
Pcr= , ^ (2.1) 
V3 (l-v2) ^ 
where 
Per = classical buckling load or theoretical buckling load 
V = Poisson's ratio 
E = Young's modulus of the material of the shell 
t = thickness of the shell 
R = nominal radius of the shell. 
11 
A comparison between the theoretical buckling pressure as predicted by the 
above equation and experimental results indicated large discrepancy between the 
results. This led to the development of nonlinear theories which take into account 
large deformations of the shell surface. The problem was solved by Huang [7], who 
considered the deformation of the clamped shallow spherical cap along the path BD to 
be the sum of an axisymmetric mode and an asymmetric mode. Huang determined a 
shell to be shallow if the ratio of t to the base diameter, a, is less than 0.125. The 
asymmetric mode, w(s,0), was assumed to be a cosine series: 
w(5,0) w^cos/i0 (2.2) 
where n = number of circumferential waves used in the analysis. 
The governing differential equations for the shallow spherical cap were solved . 
using a finite difference approach. The buckling pressures are calculated for different 
values of n. Figure 2.3 [2] shows the variation of the buckling pressures as predicted 
by the theory. The predicted buckling pressures are plotted as a function of X, also 
known as the shallowness parameter: 
(2-3) 
where H = height of the shell above the base « a^/2R 
a = radius of the shell at the base 
12 
The ordinate in Figure 2.3 indicates the ratio of the buckling pressures as 
predicted by Huang (PCOMP) to the pressure calculated using classical small 
displacement value (p„). As shown in the Figure, the propensity of the shell to 
buckle axisymmetrically or asymmetrically is dependent upon the value of X. Below 
a value of 5.5, the buckling tends to be axisymmetric and above 5.5, it tends to be 
asymmetric. 
Though the above theory was successful in resolving some of the discrepancy 
with experimental results by including the large displacement shell buckling theory, 
the predicted buckling values were still greater than the available experimental results 
as shown in Figure 2.4 [7]. This variation in the analytical and experimental results 
is due to presence of imperfections as discussed in Section 2.1. 
2.3 Experimental investigations 
The objectives of experimental investigations into stability of spherical shells 
by various researchers were: 
1. To understand the buckling behavior of shells 
2. To compare the results with theoretical predictions 
3. To provide empirical design formulae based on the experimental values and 
13 
PCOMP 
1.2 
1.0 
as 
O"  2/  3  4  5 , 6  l=n 
_Asymme1 nc 
A=2V^3(1-^2)^ 
10 15 
Fig. 2.3 Critical loads pertaining to the asymetric buckling 
for the clamped spherical cap (from [2]) 
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Fig. 2.4 Comparison of calculated buckling loads and 
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4. To examine the effects of various parameters such as the span to rise ratio of 
the spherical caps, built-in imperfections and boundary conditions. The 
experimental results on spherical shells [8, 9, 10, 11, 12, 13, 14, 15 and 16] 
used in the present study are summarized here. 
The most comprehensive experimental work performed on spherical shells was 
conducted at the David Taylor Model Basin Laboratory by Krenzke and Kieman [8, 9 
and 10]. The initial experimental results were performed in parallel with the 
development of nonlinear theories to explain spherical shell buckling loads under 
external pressure. In [8], the results of the experiments performed on 26 machined 
hemispherical aluminum shells with inside radius of 0.797 in. and different nominal 
thicknesses ranging from 0.008 in. to 0.06 in. were presented. The shells were 
machined from aluminum alloy bar stock. The tests were performed to determine the 
validity of the classical small deflection theory and to generate empirical analysis 
formulae for the collapse strength of near perfect spherical shells. The experimental 
results were found to be lower than the existing theoretical results. The discrepancy 
was attributed to the inelastic nature of the buckling of the experimental samples. A 
plasticity reduction factor, tj, was employed to consider the reduction in predicted 
elastic buckling loads. Based on the experimental results, an empirical formula was 
proposed as a design measure, which is: 
15 
PpRED 1 (2.4) 
where 
Ro = outer radius of the shell 
PPRED = predicted buckling load 
The empirical equation implies that near perfect shells collapse at 70 percent 
of the elastic strength of the classical value. The plasticity reduction factor was 
presented to be a function of the secant modulus, E„ and the tangent modulus, 
determined from the uniaxial stress strain curve. An average stress value, based on 
PPRED> was used to determine the moduli. The average stress value is: 
In developing the theory, the authors assumed the elastic and plastic Poisson's ratio to 
be the same. 
In [9], 17 accurately machined shallow aluminum spherical caps with inside 
radii of 2.00 in. to 3,00 in and of thicknesses 0.01 in. to 0.04 in. were tested. The 
(2.5) 
The plasticity reduction factor is defined as: 
E  
(2.6) 
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experimental results were compared with theoretical buckling predictions based 
nonlinear theories with assumption of symmetrical and asymmetrical buckling modes. 
The samples were prepared in such a way so as to cover a range of X (Eq, 2.3) 
values. Very good correlation was observed between the experimental and theoretical 
results, with the experimental curves indicating the same general shape as the 
theoretical curve. Based on the results, empirical formulae for the calculation of the 
collapse strength of imperfect shells were proposed. One of the significant 
observations made was that the buckling load of a deep spherical shell of a large 
circumference would be governed by the local geometry, i.e, the buckling load is 
equivalent to that predicted by a flat spot of circumferential length, Lc, and a larger 
radius than the nominal radius of the shell. Based on the analytical and experimental 
results, a critical value for X was determined to be 2.2, hence determining Lc as: 
Lc = 2.42 yfR~t (2.7) 
Based on Lc, empirical strength formulae for the collapse strength, based on the local 
geometry, were proposed to be: 
Ppm, = (2.8) 
\/3(1-V2) ^lo 
where Rio is the local radius to the outside surface of the shell over Lc. This analysis 
provided a rationale to relate measured deviations from spherical geometry, i.e., a 
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measure of out-of-roundness of the shell, with the observed buckling strengths. 
Based on the above analysis, the effect of local flat spots on the hydrostatic 
collapse strength of deep spherical shells in the elastic and inelastic regimes were 
examined in [10]. The tests consisted of 36 carefully machined model aluminum 
hemispherical shells with local flat spots at the apex. The shells had an inner 
diameter of 1.625 in. and varied wall thicknesses from 0.006 in. to 0.07 in. The flat 
spots, machined at the apex of the shell, have constant radius of curvature per shell 
but extend over different lengths for different shells. Very good correlation was 
observed between the buckling loads as predicted by the formulae in Eq. 2.8 and the 
test results to within 5%. The basic assumption proposed in [10], based on the test 
results and also reiterated by the conclusion of a numerical study performed by Kao 
[11], was that the collapse of shells was a local phenomenon and is critically 
dependent on local deviation from perfect geometry, i.e, an imperfection. 
As a further validation of the theory, Kiernan [12] performed experiments on 
27 hemispherical shells designed and fabricated from epoxy resin, with local flat spots 
20 to 40 percent greater than nominal inside radii at the apex. The results of the 
experiments agreed very well with predictions as per Eq. 2.8. 
Adam et al. [13] performed experimental study on the buckling behavior of 8 
shallow PVC shells of which five were spherical. The authors concluded that 
conventional machining methods can be used to fabricate plastic domes of sufficient 
quality and that the buckling pressures are dependent on X. They have also 
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concluded that imperfections due to variations in curvature are important. They also 
showed, for the perfect shells, good correlation with the shallow shell theoretical 
results as predicted by Huang [7]. 
Tillman [14] performed a theoretical and experimental study on the buckling 
behavior of shallow spherical caps focusing on low values of X (Eq. 2.3). The 
purpose of his analysis was to determine the buckling modes as predicted by 
asymmetric or axisymmetric theories and to compare the buckling loads with those 
predicted by the nonlinear theories. Also the range of validity of the applicability of 
the shallow shell equations as used in the development of the nonlinear theories was 
also examined. The tests were performed on PVC shells with the radii varying from 
14.0 in. to 24.0 in. and thicknesses from 0.015 in. to 0.05 in. The shells were 
molded via a vacuum process and tested hydrostatically in a loading device. Two 
types of shells, perfect and with built in flats at the apex, were tested. Very good 
agreement was obtained between predicted and actual experimental values for X less 
than 5.5 for the perfect shells. 
Kruger et al. [15] performed an experimental study on the elastic stability of 
96 spherical, torispherical and ellipsoidal PVC shells molded by a vacuum process to 
study the parameters effecting the buckling strength. Of the 96 shells, 37 were 
spherical. The shells were shallow with radii of curvature varying from 9.375 in. to 
10.875 in. and with thicknesses varying form 0.02 in. to 0.11 in. The test results fell 
below the buckling strengths predicted for the perfect shells. The study concluded 
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that the effect of imperfections on buckling strength is severe and the most important 
parameter affecting the buckling strength is the radius to thickness ratio. The other 
conclusions were that the effect of the rise to span ratio on the buckling strength was 
negligible and that there was a slight increase in the buckled strength of clamped 
shells due to the boundary conditions. 
Morton et.al [16] tested formed copper spherical shells of radius to thickness 
ratios of 450 to 1700. Three sets of imperfections were introduced at the apex in the 
samples, viz., a local flat, a bulge and a zone of reduced curvature. The results of 
the analysis were tested against numerical analysis using BOSOR and Koiter's general 
form of imperfection sensitivity equation. The equation is based on Koiter's general 
elastic postbuckling theory [17, 18], which considers that in the neighborhood of the 
bifurcation point, the incremental displacement is approximately of the form of the 
classical buckle mode. Based on the theory, the postbuckling path of a structure can 
be expressed in the form of an infinitesimal series: 
-^=1 ^ a(yv^ + 6(vi'V+ . . . (2.9) 
where 
p = applied pressure 
a,b = geometric parameters 
Koiter predicts the buckling pressures of different structural forms as a function of a 
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geometrical parameter, b, dependent on the structural form and derived for various 
geometries and the classical buckling pressure. The equation is of the form: 
^ _PPRED^'^_ 3v/(3) PpRED^j^^ia^l R, (2.10) 
P 2 p t 
^cr rcr 
Very good agreement was obtained between the theoretical predictions (with a 
value of 0.05 for b) and experimental predictions. The theoretical predictions did not 
agree for the local bulge. This variation in the buckling pressures of local bulge was 
attributed to the smaller radius of curvature in the bulge region as compared to the 
overall sphere. The authors concluded that the increased radius imperfection at the 
pole is the worst imperfection. 
In summary, the experimental results served as a basis to formulate design 
type equations and highlight the drawbacks of the classical theoretical solutions in 
predicting the buckling pressures. The discrepancies are attributed to the presence of 
imperfections. 
Two other types of loading on hemispherical shells which will be studied in 
Chapters 5 and 6 are gravity loading or self weight and concentrated loads in the form 
of a ring penetration at the apex. The first problem is interesting and important from 
a design point of view due to the nature of stresses that arise from such a type of 
loading. The gravity loading gives rise to compressive meridional and tensile 
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circumferential stress gradients which become maximum at the base. This condition 
of opposing signs for the stress resultants is similar to that occurring due to 
application of seismic loadings on a nuclear containment vessel. This type of a stress 
situation is also present in liquid filled spherical liquid containers used in transport 
[19] and at the junction of toroidal and ellipsoidal end closures under external 
pressure. 
Funahashi et al. [20] presented the results of buckling analysis due to 
horizontal and vertical loadings at the apex of a spherical shell of inner diameter of 
1120 mm and thickness on 0.7 mm. The structure was similar to a nuclear 
containment vessel. The objective of the analysis was to establish knockdown factors 
and design type equations by comparing test and theoretical analysis. Reference [20] 
did not provide any other information with regard to the manufacturing process used 
or the type of imperfection used in the shell. Based on the results the authors 
conclude that the buckling knockdown factors are: 
0.47 ~ 0. 57 in the horizontal direction 
0.40 ~ 0.60 in the vertical direction. 
2.4 Shell analysis techniques 
The current shell analysis techniques can be (loosely) subdivided into two 
types; 
• Design type equations in an analytical form with appropriate corrections for 
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imperfections [21 (Papers No. 10, 16, 17, 18), 22]. Typically these 
equations are for special, but common, cases (e.g., stiffened and unstiffened 
cylinders, cones, spheres). 
• Numerical (finite element) type approaches which can handle more general 
shell shapes. These solutions must also be empirically corrected for 
imperfections and are computationally expensive [4, 21 (Papers No. 5,19)]. 
2.4.1 Design type equations The design type equations approach refers 
to the prediction of buckling strength by empirical and semiempirical formulae as 
cited in different governing codes such as the Section NE 3133 of American Society 
of Mechanical Engineers Boiler and Pressure Vessel Code (ASME) [23], ASME Code 
Case N-284 [27], European Convention for Construction Steel Work (ECCS) Rules 
for Steel Construction [28], and as cited in the British Standard (BS) 5500 [29]. The 
design type equations approach restricts that the design to the tolerances imposed. 
2.4.1.1 ASME fabrication tolerances The ASME tolerance criteria 
for spherical shells [24 and 25] is summarized in this section. The criteria were 
based on experimental results of tests on fabricated cylindrical shells with external 
pressure loading [30]. The criteria were extended to other shells and loading 
conditions. Reference [30] also presents a review of the tolerances as predicted in 
other codes [28 and 29] and concludes that a wide disparity in factors of safety exists 
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between different codes. However, the ASME tolerances are widely accepted as the 
basis for design by the engineering community. The permissible extent of deviation, 
e, from a perfect spherical shell (Figure 2.5), over a template of the design radius, is 
prescribed in the ASME Code. The chord length of the template is equivalent to 
twice the arc length as prescribed in the ASME Code. The deviation is restricted to: 
O . B t ^ e ^ l . O t  ( 2 . 1 1 )  
Another restriction on the ASME fabrication tolerances is [26]: 
D -  D .  ^  0.01 D  (2.12) tn«T mm ^ '
where = maximum diameter of the imperfect shape 
Dmin = minimum diameter of the imperfect shape 
D = nominal average diameter. 
2.4.1.2 ASME Section NE 3133 Section NE 3133 of the ASME 
Code [23] establishes the general rules for determining the thickness under external 
pressure loading for different structural geometries such as cylindrical shells and 
spherical shells. It outlines the design procedures which establish the thickness of the 
component under investigation as a function of shell parameters (R and t in case of 
spherical shell) and material type. The allowable external pressure is limited to: 
Ppred = 0.0625E (t/R)2 (2.13) 
which is equivalent to 5.2 percent of the theoretical buckling pressure. 
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IMPERFECT SHELL 
DEVIATION FROM PERFECT FORM AS PER ASME (NOT TO SCALE) 
Fig. 2.5 Imperfection modelling in ASME Code 
2.4.1.3 ASME Code Case N-284 ASME Code Case N-284 [27] 
provides well-defined stability criteria for determining the structural adequacy against 
buckling of shells with more complex geometries and loading conditions than those 
covered by ASME Section NE3133. The rules are based on linear elastic bifurcation 
buckling theory which has been reduced by knockdown factors to account for the 
effect of imperfections, boundary conditions, material nonlinearities and residual 
stresses. It is based on the work collected by Miller [21 (Paper No. 16)]. The design 
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equations used in the Code Case N-284 are established by comparison of theoretical 
buckling values and test results. The theoretical buckling pressure for different 
structural geometries are predicted by classical linear elastic buckling theory 
considering a shell with perfect initial shape and perfect elastic behavior. Two 
knockdown factors or margins (capacity and plasticity reduction) are applied to the 
theoretical value to predict the allowable buckling pressure, Pn.284, as: 
PN-284 = OJ ^ Per (2.14) 
where 
a = capacity reduction factor 
rj = plasticity reduction factor 
The capacity reduction factor, a, is geometry dependent and is evaluated for various 
shell geometries and buckling modes (local and general). The plasticity reduction 
factor, 17, is stress dependent and is evaluated for various shell geometries and 
buckling modes (local and general). The design equations for the capacity and 
plasticity reduction factor are a result of a lower bound fit to the test data. Code 
Case N-284 also outlines buckling design procedures for use with computer analyses. 
The computed buckling pressure, PCOMP. is reduced by the same two factors, a and 17. 
The shells designed as per ASME NE 3133 and ASME Code Case N-284 must meet 
the requirements of local geometry as per the ASME Code tolerances. 
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2.4.2 Numerical approach The second analysis method consists of the 
following two approaches [4, 5, 27, 32, 33]: 
• A complete three-dimensional model of the shell using two-dimensional 
shell elements. This model can be used to model both meridional and 
circumferential imperfections and loads. Three dimensional features such 
as penetrations and openings can also be included in the model. 
• An axisymmetric model of the shell with one-dimensional axisymmetric 
shell elements. Only axisymmetric imperfections and loads may be 
modelled. 
From an analytical point of view, the first approach is preferable [27 and 33]. 
However, from a practical viewpoint, the approach is expensive and is not necessarily 
more accurate than the second approach. The B0S0R4 and B0S0R5 programs [34 
and 35], described in Chapter 3 follows the second approach and are used in this 
study. 
2.5 Previous numerical work on spherical shells 
As previously mentioned, differences between the first-order theoretical and 
the measured buckling strengths are usually ascribed to imperfections. In the case of 
real structures which contain unavoidable imperfections, there is no such thing as the 
true bifurcation buckling illustrated in Figure 2.1. Instead, the structure will follow a 
path below OBC, such as OEF, with a maximum load below Point B. How much 
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below B depends on the imperfection sensitivity of the shell [1]. For the thin sphere 
under external pressure and a thin cylinder under axial compression, the reduction is 
very significant. Present research in imperfection sensitivity, as performed in this 
study and elsewhere, is focused on identifying critical axisymmetric or asymmetric 
geometric imperfection shapes. The shapes are determined to be critical if the 
predicted analytical buckling loads, using these imperfections, would be a lower 
bound to the experimental results. 
If it were possible to predict all of the imperfection patterns resulting from the 
fabrication process, one could conceivably evaluate the critical load of such a 
structure with much greater certainty. Imperfections sympathetic to the various 
buckling modes are considered to be the more important [5, 8, 21, 31] in reducing the 
buckling loads. A three-dimensional finite element model in which the nonsymmetric 
imperfections can be explicitly included would be appropriate [32]. An alternative is 
to utilize an axisymmetric model with an approximate axisymmetric imperfection, as 
would be appropriate for a B0S0R5 analysis [32, 33]. Studies indicate that an 
axisymmetric imperfection is more critical than nonsymmetric imperfections [37, 38]. 
It was also pointed out by Hoff [39] and Carlson et.al [40] that, as the initial 
deformed shapes during testing of spherical shapes are axisymmetric, it seems to be 
reasonable to expect the axisymmetric imperfections to be more critical. 
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Prevailing imperfection sensitivity analysis methods range from the use of 
deterministic imperfections of specific shapes such as the axisymmetric sine wave, 
local flat spots with an increased radius of curvature, and the Legendre Polynomial 
[41, 42, 43, 44, 45 and 46] to the use of random imperfections to stochastically 
predict the shell strength [48]. 
Galletly et.al [41, 42] discuss the effect of axisymmetric imperfections on the 
plastic collapse of imperfect hemispherical shells subjected to external pressure. 
Using B0S0R5 [35] and elastic-plastic material curves for steel and aluminum, two 
axisymmetric imperfections, a localized increased radius type and a Legendre 
Polynomial, were analyzed. The purpose of the analysis was to determine the 
amplitude of the imperfection that would cause the numerically predicted buckling 
strength to be within the lower bound of the test data. Based on the analysis, the 
authors conclude that Legendre Polynomial imperfections are the most critical. 
Reasonable agreement was achieved between the test results and Legendre 
Polynomials with the maximum amplitude of imperfection of 0.5 t. The maximum 
amplitude of imperfection to be used in case of increased radius imperfections was 
0.6 t. Based on a curve fit of numerical results, empirical design equations were 
developed. The main drawbacks of the study are that the effect of residual stresses 
was not considered and other imperfection shapes could have produced greater 
reductions in collapse pressures. 
In a technical note, Blachut et al. [47] extended the investigation to a smooth 
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inward dimple at the pole. Two shell geometries with differing X values (Eq. 2.3) 
were considered. The smooth dimple imperfections are compared with increased 
radius type imperfections. Only a relatively small reduction of buckling pressures 
was observed. 
Shao et al. [44] used a numerical method based on the dynamic relaxation 
techniques to determine the critical imperfections in externally pressurized spherical 
shells. Asymmetric initial imperfection shapes in the form of double trigonometric 
functions in the meridional and circumferential directions were considered. It was 
concluded that a asymmetric inward dimple located at a distance of 8° to 12° from the 
pole of the shell and extending over a length of 16° produces minimum buckling 
strength. It was also concluded that the presence of a second dimple would decrease 
the buckling strength of the shell by 5 percent. Using the single asymmetric dimple 
and parametric studies, design formulae to estimate the knockdown factors and failure 
pressure slendemess curves were generated. This study was the first to conclude that 
an asymmetric imperfection would cause greater reductions in buckling pressures of 
spherical shells than axisymmetric imperfection. 
Galletly et al. [45] in a discussion of [44] disputed some of the conclusions, 
especially with regard to the location of the imperfection and the arc length. In a 
recent paper, Galletly et al. [46] clarified the predictions of [44], using ABAQUS [47] 
and B0S0R4 [34] to compare the bifurcation buckling strengths of torispherical and 
spherical end closures with experimental values. The validation was performed by 
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comparing experimental results on torispheres with a single asymmetric dimple to 
those predicted by B0S0R4 using axisymmetric dimples and ABAQUS with 
axisymmetric and asymmetric dimples. No sensitivity of buckling resistance to the 
location of the dimple was observed. Another numerical comparison was made 
between axisymmetric dimples in BOSOR and asymmetric dimples in ABAQUS. No 
difference was observed between the results indicating that the conclusions of [44] are 
not supported. 
2.6 Modelling of material nonlinearities 
In the fabrication process of spherical and other structural forms, flat steel 
plates are deformed to fit the singly and doubly curved surfaces. Even though the 
plates and the subsequent welding may be stress-relieved, the proportional limit of the 
material is seldom restored to its virgin value near the yield point. This has a 
significant effect on the buckling strength of steel components because the material 
tangent modulus is reduced (Eq, 2.6). 
A review of the different fabrication processes such as cold bending, welding 
and cold bending is presented in [49]. The residual stress distribution due to cold 
bending can be simulated is by employing a thermal loading process, initially 
increasing the temperature and subsequently reducing it [49]. In lieu of knowing the 
actual residual stress pattern, this effect can be approximated by using an idealized 
stress-strain curve with a proportional limit below the yield strength [50, 51 and 52]. 
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2.7 Conclusions 
Based on the above literature survey, an idealized design imperfection 
associated with a specific loading condition is to be identified. This design 
imperfection can be determined based on a numerical sensitivity analysis that 
incorporates material nonlinearities and is based on the AS ME tolerance limits. The 
numerical results can then be compared with available experimental results to 
establish critical design imperfection amplitudes that match lower bound of 
experimental results. 
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CHAPTER 3: BUCKLING ANALYSIS OF AXISYMMETRIC SHELLS 
3.1 Introduction 
The analysis in the present work has been performed by utilizing the B0S0R4 
and B0S0R5 programs. The BOSOR programs are finite difference codes for 
axisymmetric analysis of complex branched shells of revolution [34, 35]. B0S0R4 
can handle both axisymmetric and nonaxisymmetric loads. However, it is limited to 
linear material properties. B0S0R5 was developed from B0S0R4 and is designed 
for axisymmetric and nonaxisymmetric buckling analysis resulting from axisymmetric 
loading only, but it does handle nonlinear material behavior. Both programs are 
based on the finite difference energy method. 
B0S0R4 performs stress, buckling and modal vibration analyses of smooth or 
ring-stiffened, branched, segmented shells of revolution with complex wall 
construction, loaded either axisymmetrically or nonaxisymmetrically. Program 
branches include large-deflection axisymmetric stress and buckling analysis, small-
deflection nonsymmetric stress analysis, modal vibration analysis with axisymmetric 
nonlinear prestress, and buckling analysis using the worst meridian approach with 
nonsymmetric prestress. The worst meridian approach considers the stresses on the 
most highly stressed meridian to be axisymmetric. Realistic engineering det^iils such 
as interior supports may also be modelled. The program has restart and graphics 
capability. 
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B0S0R5 has also been widely used. However, B0S0R5 does not supersede 
B0S0R4, since it does not perform modal vibration or linear nonsymmetric stress 
analysis. The program can handle segmented and branched axisymmetric shells with 
material nonlinearities. B0S0R5 also has restart and graphics capability. 
To summarize, the BOSOR codes represent two forms of analysis as used in 
the present work; 
1. Nonlinear stress analysis for axisymmetric behavior of axisymmetric 
shell systems. (Large deflection, elastic or elastic-plastic analysis). 
2. Eigenvalue analysis in which the eigenvalues represent the buckling 
loads of axisymmetric shell system subjected to axisymmetric loads. 
The present chapter presents the salient points of the theory behind the elastic 
and nonlinear stress and bifurcation buckling analysis as performed in BOSOR. The 
chapter generally follows the theory presented in [4, 53 and 54]. 
3.2 Problem formulation 
The basis for analysis in BOSOR is the principle of virtual work, which can be 
stated as follows [55]; 
"The total virtual work done by external forces plus the virtual work done by 
the internal forces is equal to zero for any arbitrary virtual displacement" 
Mathematically, this can be described as: 
5(Wi+W,)=0 (3.1) 
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where 
S(Wi) = internal virtual work equivalent to change in strain 
energy 5U 
5(We) external virtual work. 
8 variational operator. 
The above expression can be restated in the terms of strain energy, U, and potential 
energy, V as: 
The quantity U+V is called the total energy potential of the shell, 11. 
3.3 Assumptions of the analysis 
The assumptions of the analysis used in development of the B0S0R4 are; 
1. The shell wall material is elastic and behaves linearly. 
2. Thin shell theory is applicable, i.e, normals to the undeformed surface 
remain normal and unreformed and transverse shear deformation is 
neglected. 
3. The axisymmetric prebuckling deflections are finite and moderate, i.e., 
square of meridional rotation can be neglected compared to unity. 
4. The shell is thin enough to neglect terms of the ratio of shell thickness 
to the radius of the shell (t/R) as compared to unity. 
6(U+V)=0 (3.2) 
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3.4 Expressions for total energy 
The expressions for different matrices which are involved in equilibrium and 
buckling of the structure are formed on the basis of the total energy of the structure. 
The total energy of a shell structure involves the following components; 
1. Strain energy of the shell segments, Us 
2. Potential energy of applied line loads and pressures, Vp 
3. Energy due to constraint conditions, Uc, arising from 
(i) Displacement conditions at the end of shell segments, 
(ii) Compatibility conditions between adjacent shell segments. 
The total energy functional of the shell, n, is the sum of the components Us, 
Vp and Uc- Figure 3.1 illustrates a hemispherical shell. Figure 3.1 (a) and Figure 
3.1 (b) indicate the plan and elevation, respectively. The details of an infinitesimal 
portion of the shell. A, are expanded and shown in Figure 3,1 (c), (d), (e) and (f), 
with displacements, forces and rotations. The functional, 11, is in an integro-
differential form in terms of the nodal displacement coordinates and Lagrange 
multipliers. The independent variables of the analysis are the arclength, s, measured 
along the shell meridian and the circumferential angle, 0. The dependent variables 
are the nodal displacements and Lagrange multipliers, x.- The nodal displacements 
are the meridional displacement, u, the circumferential displacement, v, and the radial 
displacement, w. The Lagrange multipliers arise from the supports and junctions. 
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C L Infinitesimal shell element, A 
(a) Elevation 
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C.L. (f) 
Detail of element A 
Fig. 3.1 Shell element with displacements, forces jmd 
rotations 
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3.4.1 Strain energy of the shell segments The strain energy of a 
typical shell segment of dimensions ds, 66 and dz at a distance, r, from the central 
axis of the shell (Figure 3.1) can be expressed as: 
i fff (<Ji(ei-ai7)+02(e2"a2^"^'^i2^i2) r dzde ds (3.3) 
where o-, = stress in the meridional direction 
0-2 = stress in the circumferential direction 
6j = strain in the meridional direction 
€2 = strain in the circumferential direction 
t,2 = shear stress 
e,2 = shear strain 
T = temperature increase 
ttj = coefficient of linear expansion in meridional direction 
a2 = coefficients of linear expansion in circumferential direction 
Equation (3.3) can be represented in the form of stress and strain resultants as: 
I/, = I II {eV[C]{e]+2[N^-\[e) r dQ ds (3.4) 
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where 
{e}^ = vector of strains consisting of the reference surface strains e,, 
62, e,2 and the changes in curvature k,, k2 and k,2. 
{N}''' = vector of stress resultants. For example, the meridional stress 
resultant N, is j a, dz, 
[C] = matrix relating the stress resultants and strains. For example, 
the component Cj, is J Ei, dz. 
En = Young's modulus in the meridional direction. 
The integration through the thickness of the shell is done numerically using 
Simpson's rule. The strain displacement relationships are the Novozhilov - Sanders 
type equations for moderately large rotations. The individual components of the 
strain matrix can be expressed in terms of the displacements u, v and w as follows 
(Figure 3.1): 
e, = u'+ w/R, + V2 (18^+7^) 
62 = v°+ u (r'/r) + w/Rj + V2 
e,2 = (u° /r) + r (v/r)' + 
k, = i8' (3.5) 
k2 = (^7r) + r' {m 
k,2 = (-j87r) + (r'l/'/r) + v'/Rj 
where jS = w'-u/Rj 
yp = (w7r)-(v/R2) 
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7 = Vj {(u'/r) - V - (r'v/r)} 
' = differentiation with respect to the meridional arclength, s 
° = differentiation with respect to the circumferential angle d 
R, = radii of curvature in the meridional direction 
R2 = radius of curvature in the circumferential direction 
3.4.2 Energy due to constraint conditions The constraint conditions 
are due to enforcement of compatibility conditions enforced at the supports of the 
shell. In addition, due to discretization of the shell along the meridian (discussed 
later in Sec. 3.6) constraint conditions arise at the junction of intermediate points 
between two shell segments. The constraint conditions enter into the energy 
expression in the form Lagrange multipliers. The nodal displacements at the 
constraints are expressed in terms of u*, v*, w*, /S' and Lagrange multipliers, x, 
which are defined in Figure 3.2. For example, consider a condition at a support at 
which u*, V*, w* and /3* are constrained to be predefined values of : 
u* =~ 
v' ="v" (3.6) 
w* ='w" 
=F 
Equation 3.6 can be expressed in a matrix form as: 
[KJ {D-} - {D} = {0} (3.7) 
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where {D*}^ = {u* v* w* /S*} 
{D}""" = vector containing values for the constraints = { u v w ^} 
PCJ = identity matrix with unity for diagonal elements 
The energy expression for the constraint condition is formed by multiplying 
the left hand side of Eq. 3.7 by the matrix consisting of Lagrange multipliers 
{xi, X2> X3J X4}^- This does not add to the total energy of the system. During the 
minimization process (discussed later in Sec, 3.7), the Lagrange multipliers in 
addition to the displacements are solved. Hence, the energy due to constraint 
conditions can be expressed as: 
the constraints values. 
Equation 3.8 can be further modified by expressing the vector {D*} in terms of the 
global displacement matrix. The totjd energy from the constraint conditions is the 
sum of energy from each of the enforced constraints. 
(3.8) 
where 
{x}"^ = {Xl, X2. X3, X4} 
{ D y  =  { u - , v - , w - , r }  
[KA] a matrix relating the constrained nodal displacements and 
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Segment 2 
w 
Junction between segments 
Segment 1 
w 
Begining of the shell 
C.L. 
Fig. 3.2 Constraint conditions as modeled in BOSOR 
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3.4.3 Energy due to Loads The potential energy of loads is due to the 
potential energy of line loads Pv> Ps» M and PH and surface tractions p,, p2 and pj. 
The line loads are shown in Figure 3.3 and the tractions are shown in Figure 3.1. 
The potential energy due to line loads is expressed as: 
where 
f,! ' -f r, de (3.9) 
Vp, = energy expression due to potential of line loads 
Py = vertical load 
Ps = load in the circumferential direction 
PH = load in the radial direction 
M = applied moment load 
r^ = radius to the center of the point where loads are applied. 
Uj = meridional displacement of the point where the load is 
applied. 
Vc = circumferential displacement of the point where the load 
is applied. 
Wj = radial displacement of the point where the load is 
applied. 
jSc = angle of rotation of the point where the load is applied. 
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Fig. 3.3 Line loads as modeled in BOSOR 
X 
Fig. 3.4 Coordinate system used in BOSOR computer 
programs indicating the positive direction of 
circumferential angle 6 
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The potential energy due to surface tractions can be expressed as: 
Vp2 = jj(PiU+P2V+P3'w) r dQ ds (3.10) 
3.5 Separation of variables 
The components of the total energy of the system n in the integro-differential 
form as expressed in the above is: 
n = Uc + Us + Vp, + Vp2 (3.11) 
The 6 dependence can be separated by expressing the dependent variables u, v and w 
in terms of a Fourier series expansion in circumferential angle 6 (Figure 3.4); 
^UMX ''max 
u(s,e) = ujs) + 53 sin(«0) + X) "n2(^ ) COS(/I0) 
n=n^^ n-nmin 
v(j,e) = Yf cos(«e) + v^(5') sin(«e) (3-12) 
"'"nia "="miii 
'SoftX "nux 
w(^,0) = Wp) + Y, siii(ne) + Y, ^n2(^) cos(n0) 
In this representation n corresponds to a circumferential wave number. The 
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limit, and represents a range of circumferential wave numbers which are 
defined by the user and input in the analysis. In Eq. 3.12, the first set represents the 
symmetric Fourier series terms Uo,,v„, and Wn, and the second set represents the 
nonsymmetric Fourier series terms Un2,v^ and The separation of variables would 
cause the 6 integration indicated in each of the terms of Eq. 3.11 (Eq. 3,4, Eq. 3.8, 
Eq. 3.9 and Eq. 3.10) to be replaced by x for nonzero circumferential wave numbers 
and 2T when the circumferential wave number is zero. By the process outlined 
Section 3.4.1, the integration through the thickness is performed by the definition of 
the stress resultants. The integration along the meridian is performed numerically by 
finite difference method. 
3.6 The finite difference element 
The finite difference (FD) element, E, used for the analysis is shown in Figure 
3.5. Figure 3.5 indicates the meridian of a typical shell segment used in BOSOR 
with the finite difference mesh points. The meridional and circumferential 
displacements, u and v, are evaluated at points located between the mesh points. The 
radial displacement, w is evaluated at the mesh points. The expression for shell 
energy as discussed in Sec. 3,4 involves first derivatives in meridional and 
circumferential displacements, u and v and second derivatives in the radial 
displacement, w. Hence the shell energy density, evaluated at a finite difference 
element E, involves seven points Wj+j to Wi.i. 
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Fig. 3.5 Finite difference element used in BOSOR 
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For example, the components of the second derivatives of w required in the 
energy function are: 
^ W,,, - Iw, f (3.11) 
where h is the mesh point spacing. It was shown in [56] that this formulation gives 
very rapidly converging results with larger nodal point density as compared to a finite 
element analysis using cubic shape functions for the dependent variables u,v and w. 
3.7 Stress analysis in BOSOR4 
The equilibrium equations, Eq. 3.2, can be recast in terms of generalized coordinates 
as follows: 
— = 0 (3.14) 
dX: 
where X; (i = 1,..,N) represents a degree of freedom and N is the total degrees of 
freedom in the system (nodal displacements and Lagrange multipliers). The X; 
constitute a vector of nodal degrees of freedom, {x}. Figure 3.6 shows the load 
displacement behavior of a spherical shell under external pressure. Path OA is called 
as the prebuckling curve. Assuming that a solution {x} exists for a known load {p}, 
the solution {x} + {Ax} at a load increment {p} + {Ap} is determined by expanding 11 
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in a Taylor series about the known solution {x} and retaining only the linear terms in 
{Ax} as follows: 
8n({x)H-{Ax))  ^ 3n({x})  ^ y  ^  ^ 0 i5) 
dXi dx. ij.i dxfixj ' 
Equations 3.15 represents a set of nonlinear equations which are solved by using the 
Newton - Raphson method starting from an initial value or the solution from a 
previous step for {x}. The Newton - Raphson iterations are continued until |{Ax/x} | 
is smaller than a specified convergence criteria. The convergence criteria used in 
B0S0R4 is such that the successive values of the shell displacements (for those 
displacements which are greater than a tenth of the largest displacement value) be 
different by less than 0.1 percent. Equations 3.15 define the equilibrium on the 
primary path or prebuckling path OA. 
3.8 Bifurcation buckling analysis 
The elastic bifurcation buckling formulation in BOSOR is based on the 
adjacent equilibrium criterion, which can be stated as [57]; 
"A structure is in a configuration of neutral equilibrium if a second, infinitesimally 
small adjacent equilibrium configuration exists for the same value of applied load". 
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Fig. 3.6 Load displacement path in prebuckling stage. 
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In order to illustrate the method involved in detection of the bifurcation 
buckling point, the load displacement behavior of the spherical shell under external 
pressure is again shown in Figure 3.7. Along OA an equilibrium solution {x^ exists 
corresponding to a load {p^ (Eq. 3.15). Assuming that the load is incremented by an 
additional quantity {Ap^, a solution {x^ + {Ax^ can be determined on the basis of 
equilibrium (Eq. 3.15). Consider the load increment to be A{Ap^, where A is a 
scalar quantity. According to the adjacent equilibrium criterion, in order that a 
bifurcation point exists at a load {p^+AlAp'} equilibrium should exist at both 
displacements {x^+AlAx'} on the primary path and {x'}+A{Ax^ + {x''} on the 
buckling path, where {x**} represents an infmitesimally small buckling displacement at 
the same load. This can be stated as: 
3n ( 0c-0+A(Aac-0+{x'} ) rt (1 
— = 0 (3.16) 
dx.'' 
Expanding Eq. 3.16 in a Taylor series, the following equations result: 
8II(U4+A{Ajc^) ^  ^II(ly^+A{A.x^)^ b _ ^ ^ 
dx.'' dx.^dx/ 
The first term of the above equation is zero since it would correspond to an 
equilibrium state on the prebuckling path. The components of the second term 
determine the bifurcation behavior. Considering the buckling mode {x*"}, which is 
unknown, the total displacement vectors are given by: 
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{u} = {uO + AlAu'} + {u*"} 
{v} = {yf} + A{Avf} + K} (3.18) 
{w} = {wO + A{Aw'} + {w**} 
Substitution of the these vectors in the strain displacement equations results in the 
strain-curvature change vector of the form: 
{e} = {e<®} + {e<»} + {e®} (3.19) 
where the contributions are: 
{e<®} = contribution of the terms due to prebuckling {x'} + 
A{AxO and independent of {x*"} 
{e^'^} = contributions of the terms linear in infinitesimal buckling 
displacements {x*"} 
{e®} = contributions of the terms quadratic in infinitesimal 
buckling displacements {x*"} 
Substituting Eq. 3.18 into the expression for the shell strain energy (Eq. 3.4) 
and collecting the terms similar in the power for {x*"}, it reduces to the form: 
Us = + (higher order terms) (3.20) 
Considering only bifurcation buckling, the zeroth order terms, U"", can be discarded 
since they do not contain {x*"}. Since the second derivatives with respect to X;*" are 
involved in Eq. 3.17 the first order terms, drop out from the expression. 
Ignoring the higher order terms, the expression for U®, containing second powers of 
{x**}, governs the bifurcation buckling. 
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From the expression for shell strain energy, the expression for U® is of the 
form: 
t/(2) = 1 II {4- 2 ) r d Q d s  (3.21) 
On substitution of the various expressions and integration along the circumferential 
direction and the shell meridian, two set of terms occur: (1) A set of terms which are 
a function of {p^ and (2) A second set of terms which are a function of the 
incremental load A{Ap'). 
The first group of terms constitute the stiffness matrix [KJ and the second 
group constitute the load-geometric stiffness matrix [K2]. A similar reasoning is 
followed for each of the other energy expressions due to external loads and boundary 
conditions that are contained in the energy functional. This would result in the 
following set of equations for the total energy governing the bifurcation behavior: 
n = {x"} [K,({p'})]{x''} + Alx"} [K2({ApO)]{x''} (3.22) 
On minimization (Eq. 3.16), this would lead to a set of equations of the form: 
[K.({pO)]{x''} + A [K2({Ap'})]{x''} = 0 (3.23) 
The matrices [K,] and [Kj] that govern the bifurcation behavior are formulated after 
the prebuckling solutions are available at {x'}. A non-trivial solution {x*"} for the Eq. 
3.23 exists only for certain discrete values of the eigenvalues, A. Once the 
eigenvalues are known, the bifurcation buckling load, {pcoMp}> is calculated based on 
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the minimum A as; 
{PcoMp} = {pi + A{ApO (3.24) 
The eigenvalues are extracted using a built-in eigenvalue solver in B0S0R4. 
3.9 Solution Strategy 
The matrices [KJ and [K2] and the eigen value, A, depend on the number of 
circumferential waves, n, used for separation of variables. Hence, the problem can 
be formulated as: 
The loads input into BOSOR are increased or decreased monotonically by 
using load multipliers. Separate functions are specified relating the load steps and 
load multipliers for each type of the load. Hence, the solution strategy consists of 
input of an initial load multiplier Li„i„ a load multiplier increment, AL, a maximum 
load multiplier L^, a starting wave number n^, and a range of wave numbers n„i„ to 
n^. The loads {p^ and {Ap^ are proportional to Linj, and AL, respectively. At the 
very first step after the prebuckling iterations are complete, Eq. 3.25 can be modified 
as: 
Different methods exist for the choice of n,,, n„i„ and n^,. Reference [34] 
gives empirical equations for determining the range of wave numbers for different 
structural geometries. Another method for making a choice is to determine the 
[K,({pf},n})]{x''} + A [K2({Ap^,n)](x''} = 0 (3.25) 
[Ki (Li„„ nJllx"} + A [K^CAL, nJix"} = 0 (3.26) 
eigenvalues of Eq. 3.26 with the Li„ii to be zero ([K,] is the initial stiffness matrix) 
and AL to be unity with an arbitrary no and a large range of n„i„ and n^,. The wave 
number in the vicinity of the lowest eigenvalue gives a good idea of the starting wave 
number, n^ which can be used in the analysis. 
The values of Linjt and AL should chosen to be small in the analysis. For 
example for a spherical shell under external pressure, the Li„i, and AL are chosen to 
be equivalent to about a tenth of the classical buckling load, p„. If no prior indication 
of the expected buckling load is available, a series of analyses are to be performed. 
At the start of the analysis AL, n,, and the number of load steps are input. 
At every load step, the prebuckling iterations are performed, the matrix [K,] is 
formulated and the determinant of [KJ is determined. A change in the sign of the 
stability determinant indicates a bifurcation point. As shown in Figure 3.8 (a), 
suppose this is between L, and Lj. Based on L,, (L2 - Lj) and no, the bifurcation 
buckling equations are set up as: 
[K, (L„ no)]{x''} + A [Kj ((L^-L,), no)]{x''} = 0 (3.27) 
The eigen values for Eq. 3.27 are calculated for each circumferential wave in the 
rang® "mm nouot- The minimum eigen value, corresponding to a 
circumferential wave n^rit, calculated at this stage would estimate the buckling load to 
be: 
PcOMPI ~ Ll + - LI) (3.28) 
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A series of eigenvalue problems, similar to Eq. 3.27, are formed by 
considering the starting load as Pcompu the load increment as PcoMPi I 1000 and the 
starting wave number as ncrit- The process of detecting the change in the determinant 
sign and the detection of lowest eigenvalue is repeated. If the change in the 
determinant occurs between two loads, Lj and L4, and the minimum eigenvalue is 
(associated with nn^ circumferential waves which lie between n„i„ and n^, the 
buckling load is determined to be; 
PcOMP ~ L3 + -A-nfinolC^ " L3) (3.29) 
The B0S0R4 program cautions the user if the minimum eigenvalue 
corresponds to nn,i„ or n^j, indicating that a larger range of wave numbers is needed. 
If the maximum number of load steps is reached without detecting any change in the 
stability determinant, the process is to be restarted with the starting load step equal to 
the maximum load step reached in the previous analysis. 
3.10 Implementation of plasticity in B0S0R5 
The methodology shown above for the formulation of the stiffness and load 
geometric matrices and the solution strategy is also valid for the B0S0R5 program. 
However, in B0S0R5 the material nonlinearities are considered. The method of 
incorporating plastic behavior is discussed in the following sections. Plasticity 
theory governs the behavior of the material under the action of loads in the plastic 
regime. In the following, the required definitions and the assumptions of plasticity 
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theory are presented. The indicidal notation is used. The assumptions used in 
development of the classic plasticity theory are: 
1. Materials are isotropic with respect to initial yielding. 
2. Plastic deformation occurs with no change in the volume, i.e., 
negligible plastic flow occurs under pure hydrostatic pressure. 
3. Yielding and subsequent response of the material are insensitive to the 
rate of deformation. 
4. The material exhibits no hysterisis. 
5. The total strain that occurs may be decomposed into elastic and plastic 
strain components. 
6. The relationship between stress and strain determined from a uniaxial 
test holds for a multiaxial loading case. 
Considering the inelastic deformation of any metallic structure under the action 
of loads, the following scenario can be developed based on classical plasticity theory. 
For any material the stress tensor, ajj, forms a nine dimensional stress space. 
Similarly, the strain tensor, ey, forms a nine dimensional strain space [Figure 3.9]. 
Within the nine dimensional stress space, yielding occurs when the components of the 
stress tensor satisfy a function f(crij) which forms the initial yield surface [Figure 
3.10(a)]. The function f((rij) also defines the subsequent yield surfaces [Fig 3.10(b)]. 
Within the yield surfaces, the deformation is assumed to be elastic. In B0S0R5, the 
J2 incremental flow theory and the deformation theory formulations are available. 
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The incremental flow theory relates the increment in plastic strains dej/ to 
the current state of stress <r^ and the increment in stresses do-jj. The incremental flow 
theory is considered to be mathematically a better model for representing the material 
behavior than the deformation theory since its usage implies path dependent behavior. 
However, the buckling loads obtained by using the deformation theory option match 
test results better than those obtained using incremental flow theory option [58]. It 
was mentioned in [58] that this phenomenon was not clearly understood and is 
probably due to post yield biaxial hardening and formation of comers on the loading 
surface. Only the J2 deformation theory, which was used in the analysis, is presented 
here. 
3.11 J2 deformation theory 
The J2 deformation theory is also known as the total stress strain formulation. 
As per the J2 deformation theory, the total state of stress uniquely defines the total 
state of strain as long as the plastic deformation continues. Mathematically, this can 
be represented as follows: 
e^. = 6 - e'. (3.30) 
"y ^ij ^ij 
where Cy = total strain increment 
eij"" = plastic strain increment 
€ij® = elastic strain increment 
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The above equation for total (and not incremental strain) represents a loading 
path independence. Hence, the J2 deformation theory is valid for proportional loading 
cases only. The flow rule which defines the J2 deformation theory requires that the 
ratios of the principal values of the plastic strains are the same as the ratios of the 
components of the stress deviator tensor. 
Mathematically, the J2 deformation theory can be represented as; 
E » ^ 6 +-£<!.+ Its (S 1 (3.31) 
« 9K » 2G E ^ 
where = sum of the stresses on the diagonal of the stress tensor 
Sjj = components of the stress deviatoric tensor = - 113 Oa-
h 
5ij = Kronecker delta, equal to one if i,j are the same and zero 
otherwise 
K = bulk modulus of elasticity 
G = shear modulus of elasticity 
This relationship is used in an incremental form. The quantity g(J2) is related to an 
uniaxial stress strain curve of the material as: 
8(J2) ^ 3 (3.32) 
E 2 ' 
where Eg = Secant modulus of the material uniaxial stress strain 
curve. 
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3.12 Stress analysis in BOSOR5 
The stress analysis option in B0S0R5 is formulated on the basis of Eq. 3.1. 
Equation 3.1 can be written mathematically, using the total strain formulation of the 
deformation theory as : 
J {e}^ [D] {5e} dV = bW^ (3-33) 
where 
{e} = total strains 
[D] = nonlinear elastic coefficient matrix relating the strains and 
stresses. Equation 3.33 can be expressed in terms of generalized coordinates as 
follows: 
f [D] {|i) dV - ^  (3.34) 
•' dx. dx^ 
where, as before, X; (i = 1,...,N) represent the generalized coordinates. For 
equilibrium, the work potential, is: 
= 0 (3.35) 
Equations 3.35 are simultaneous equations which are nonlinear in nature and are to be 
solved incrementally. Starting from a known vector {x}, a vector {x} + {Ax} is to 
be obtained such that the above equation is satisfied. Using a procedure similar to 
that employed in the elastic analysis as outlined in Sec, 3.7, by retaining only the 
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linear terms in the Taylor series expansion of the quantity in Eq, 3.35, the 
following equation is obtained for solution by the Newton - Raphson method; 
^ 3i!/ 
tlfjC {x}+{Ax} ( be) )+52—' (3.36) 
J-i 
If the left hand side of the above equation is zero, implying no imbalance in 
successive iterations, the Eq. 3.36 can be written as: 
£ ^ Ax. = -il;. (3.37) 
The equations are iteratively solved until the convergence criteria as mentioned 
in Sec. 3.7 for {Ax} are met. Based on Eq, 3.37, the problem can be solved only if 
the gradient of the potential uniquely exists. Convergence problems in performing the 
above solution with the Newton - Raphson method arise due to nonuniqueness of the 
gradient of the potential function since some parts of the function are loading and 
some are unloading [53]. These are overcome in B0S0R5 by employing a double 
iteration loop for each load increment, as graphically illustrated in Figure 3.11. In 
the outer loop, the material properties or the tangent stiffness coefficients are updated. 
Within the inner loop, the geometric nonlinear!ties are handled by the Newton -
Raphson iterations. 
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Fig. 3.11 Double iteration loop used in B0S0R5 
The coefficient 3^/3Xj is the gradient of the potential function and can be 
evaluated as: 
^ = f [ {eF ID] [D] {-^} ] dV - (3.38) 
dXj •' dx^ dx. dXj dx- dxpxj 
In implementation of the J2 deformation theory, the double iteration loop 
strategy is followed. Within the Newton - Raphson iteration loop, the cuirent 
estimate of the matrix [D], which is a function of the strain dependent material 
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properties is held constant. In the outer loop the matrix [D] is updated as new and 
recent estimates of the displacements and strains are obtained. The strains are related 
to the uniaxial stress strain curve using the following definition of the effective strain: 
= .5/^ r (e -c ^2 + ^2 + yfl i2 (3.39) 
where 
^TOT ~ 
en 
€22 = 
€33 = 
The value of the strains are dependent on the value of the secant modulus Eg. 
Hence an iterative approach is used. The value of Es which is available from a 
previous trail is used to calculate the strains and the effective strain value. Based on 
the value of the effective strain, an effective stress is calculated from the uniaxial 
stress strain curve which results in a new value of Eg. The iterations continue until 
the Es value is stabilized to within 1 % in this trial. Once the current trial value is 
established, the stress resultants and the stresses are calculated. 
The expression for potential xp gives rise to matrices [Ki] and [K2] (Section 
3.2) by considering a similar methodology for integration along the circumferential 
(6), thickness (z) and the meridional (s) directions. The strategy outlined in Section 
3.9 for B0S0R4 is also used for B0S0R5 to detect bifurcation buckling loads. 
2 u ^22-' ^^22 ^33'' 
total effective strain 
strain along the meridional direction 
strain along the circumferential direction 
strain through the thickness. 
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3.13 Verincation and calibration of the BOSOR programs 
Tiie BOSOR programs are tiie most widely recognized special purpose 
programs for buckling analysis of axisymmetric shells in the world and have been 
validated by comparison with test results and other programs. They are used 
extensively due to ease of usage because of the relatively few input parameters and 
relatively short computational times. Interactive versions of BOSOR programs are 
available for workstations with plots of undeformed and deformed structures. 
Reference [54] gives a very good summary of the work carried out by different 
investigators to compare test results and theoretical buckling loads as per B0S0R4 
and B0S0R5. Calibration in [54] was performed by comparing the test and 
theoretical results with respect to the prebuckling analysis and the bifurcation buckling 
analysis. Table 3.1 presents some of the comparisons performed with regard to the 
buckling loads. In Table 3.1, the shell type, loading type, the BOSOR program used, 
number of test samples, mean of the ratios of test to theory, and appropriate 
references are listed. The different structural geometries that were compared include 
unstiffened and ring stiffened cylinders [4, 5, 61 to 64], ellipsoidal heads and end 
closures [65 and 66], torispherical heads and end closures [67, 68 and 69] and hybrid 
structures such as cone-cylinder shells [4]. The different loading conditions that were 
considered were internal pressure, external pressure, axial compression and 
hydrostatic pressure. All the tests were performed on perfect shells. A weighted 
mean of the ratio of test to theory in Table 3.1 is 0.998. 
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Table 3.1: B0S0R4 and B0S0R5 calibration with experimental results 
Shell type Load type Program No. Test/ 
Theory 
(mean) 
Ref. 
Stiffened Cylinder Axial compression BOSOR4 6 0.959 55 
Stiffened cylinder 
with clamped edges 
Hydrostatic 
pressure 
B0S0R4 24 0.906 56 
Stiffened Cylinder 
with edge rings 
Hydrostatic 
pressure 
B0S0R4 23 1.069 56 
Torispherical Shells 
with axisymmetric 
cylindricd nozzles 
External pressure B0S0R4 4 1.020 60 
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Torispherical heads Internal pressure B0S0R5 8 1.060 62 
Torispherical heads Internal pressure B0S0R5 6 0.970 63 
Ellipsoidal heads Internal pressure B0S0R5 5 1.090 59 
Ellipsoidal heads Internal pressure B0S0R5 10 1.090 59 
Cone/ cylinder 
vessels 
External pressure B0S0R5 3 1.008 4 
Cold bent and 
welded ring 
stiffened cylinders 
External pressure B0S0R5 2 0.930 57 
Stiffened Cylinders External pressure B0S0R5 69 0.960 5 
Cylinders Axial compression B0S0R5 10 1.019 4 
Cylinders Axial compression B0S0R5 24 0.968 4 
Stiffened and 
unstiffened 
cylinders 
Axial compression BOSOR5 40 0.995 58, 4 
Stiffened cylinders Axial compression B0S0R5 5 1.459 5 
Weighted mean = 0.998 
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CHAPTER 4: IMPERFECTION SENSITIVITY ANALYSIS - EXTERNAL 
PRESSURE CASES 
4.1 Introduction 
The present chapter compares the effect of different axisymmetric geometric 
imperfections on a clamped hemispherical shell subjected to external pressure. The 
purpose of the sensitivity analysis was to determine the most appropriate axisymmetric 
imperfection to bound experimental results. The experimental results, taken from 
literature, are discussed elsewhere in the thesis (Chapter 2 and Appendix). Sensitivity 
analyses were performed with regard to the thickness of the shell and the imperfection 
shape, wavelength and amplitude. Residual stresses were introduced in the analysis by 
using an idealized stress strain curve and simulation by cold bending. The analysis was 
performed using the BOSOR finite difference programs [34 and 35] (Chapter 3). The 
axisymmetric model of the clamped hemispherical shell is shown in Figure 4.1. A shell 
radius of 1200 in. was chosen for the analysis. In order to compare the experimental 
results with BOSOR predictions, four different shell thicknesses were chosen. The shell 
thicknesses are determined such that an even spread of data is achieved. The thicknesses 
chosen were 0.33 in., 1.75 in. ,16.5 in. and 50 in with radius to thickness (R/t) ratios 
of 3650, 700, 75 and 25, respectively. In calculating the buckling loads, the BOSOR 
manual recommends using more than four points per half wavelength of buckled mode. 
The number of segments chosen was restricted by the input requirements of B0S0R5. 
An input requirement for B0S0R5 would allow only 50 elements per segment to define 
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AXIS OF REVOLUTION 
Fig. 4.1 Axisymmetric model of clamped hemispherical shell 
arbitrary shape. Another is that nonuniform loading can be specified at 20 nodal points. 
For example, considering these input requirements, for a shell thickness of 1.75 in., four 
segments of 21 elements each would be sufficient. The material chosen for the shell is 
SA-537 class 2 steel with an yield strength of 59,500 psi. The nonlinear bifurcation load 
analysis option of B0S0R5 was used to predict the buckling loads. 
The behavior of geometrically perfect shells is first discussed by comparing the 
buckling loads using two different methods of incorporating the material nonlinearities 
in the shells. The geometric imperfection parameters and the imperfections are then 
described. The results of an analysis on a shell thickness of 1.75 in. with an idealized 
stress strain curve is presented next. The results of further sensitivity analyses are 
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presented and compared with experimental results. 
4.2 Modelling of material nonlinearities 
In lieu of knowing the actual residual stress pattern in the material the effect of 
residual stresses can be approximated by using an effective stress-strain curve with a 
proportional limit below the yield strength [50, 51]. Several choices exist for 
incorporation of the material nonlinearities in the analytical model. For this study, the 
idealized stress strain curve was derived from the equations for the plasticity reduction 
factor, rj, in the ASME Code Case N-284 [27], which expresses the predicted inelastic 
buckling pressure as [70]: 
JPJNELAS ~ n Pcz (4.1) 
in which 
PiNELAs = inelastic buckling pressure and 
p„ = elastic buckling pressure 
The plasticity reduction factor, rj, in the ASME Code Case N-284 was established as a 
lower bound to test data to account for material nonlinearites and residual stresses [71]. 
Since the data resulted from experimental tests on fabricated steel shells with residual 
stresses and no stress relief, it is representative of actual in-situ conditions. 
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In several theoretical inelastic buckling developments, the plasticity reduction factor is 
approximated by [70]: 
11 = E^^lE (4.2) 
in which 
^ (4.3) 
^ de 
is the slope of the stress-strain curve. The idealized stress strain curve is obtained by 
combining Eq. 4.2 and Eq. 4.3 and integrating the following equation: 
with -q given by [27]. As an excellent approximation, this effective stress-strain curve 
incorporates the material nonlinearity effects observed in the testing of actual fabricated 
steel shells. The proportional limit of the effective stress-strain relation, indicated in the 
Code Case as the dividing line between elastic and inelastic behavior, occurs at 0.55 
times the yield stress. This approximates residual stresses of the order of 0.45 times the 
yield stress, which is consistent with the observed residual stresses in fabricated 
structures of about half yield. For utilization in B0S0R5 analysis, this curve is 
approximated by a piece-wise linear curve as shown in Figure 4.2. 
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Fig. 4.2 Idealized stress strain curve used in the analysis 
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The idealized stress strain curve, indicated in Figure 4.2, is one technique for 
incorporating the effects of residual stresses into the buckling example. Besides the 
idealized stress strain curve, another method of incorporating residual stresses in the 
analysis is to introduce residual stresses which approximate cold bending into the shell 
before other loadings are applied. 
The cold bending method is indicated in Figure 4.3 and Figure 4.4, for a shell 
of thickness of 1.75 in. The temperature loading, as input in B0S0R5, is indicated in 
Figure 4.3 with the abscissa indicating the loading steps and the ordinate indicating the 
load multiplier. Increasing the B0S0R5 temperature multiplier increases the differential 
temperature which continues until the section becomes totally plastic. The temperature 
multiplier is then reduced until the stress distribution is similar to the cold bending 
residual stress distribution. During this simulation, the material model is elastic-perfectly 
plastic. The loading was increased until the temperature load multiplier is 1.0 at Load 
Step 5 and then decreased to Load Step 7. Figure 4.4 indicates the temperature input and 
the corresponding stress variation across the shell thickness. For example, at a load 
multiplier of 1.0, corresponding to the Load Step 5, the temperature differential across 
the shell thickness is as per Figure 4.4 (a). The corresponding stress profile is very close 
to a fully plastic section. Load Steps 6 and 7 indicate the unloading regime. At Load 
Step 7, the temperature and stress distributions were as shown in Figure 4.4 (b). The 
temperature was held constant after this step. The stress distribution in Figure 4.4 (b) 
resembles that which results from cold bending [49]. 
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4.3 Perfect shell behavior 
Table 4.1 indicates the results of the analysis for perfect shells of the different 
thicknesses using the two methods of incorporation of residual stresses presented above. 
In the cases corresponding to a shell of thickness 50 in. the failure was by axisymmetric 
collapse, indicating that the shell failed by reaching the limit load rather than the 
bifurcation point (Chapter 2). The predicted buckling pressures using the idealized stress 
strain curve are lower than those using the cold bending method. 
Table 4.1: Comparison of buckling loads for perfect shell 
Thickness 
of the 
shell (in.) 
Buckling load 
using idealized 
stress strain 
curve (psi.) 
No. of 
waves in 
the 
buckled 
mode 
Buckling load 
using cold 
bending to model 
the residual 
stresses (psi.) 
No. of 
waves in 
the 
buckled 
mode 
0.33 2.6 47 2.6 50 
1.75 69.0 33 69.3 23 
16.5 1500.0 9 1551.0 40 
50.0 4865.0 0 4960.0 0 
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4.4 Imperfection parameters 
The geometric imperfection shapes used in the analysis are as follows: 
1. Imperfection A - Axisymmetric eigenmode imperfection 
2. Imperfection B - Least eigenmode imperfection 
3. Imperfection C - Sinusoidal imperfection 
4. Imperfection D - Localized flat spot. 
Each of the imperfections was characterized by two parameters, an imperfection 
wave length, LK, and a peak-to-trough amplitude, r. The imperfection wavelength was 
defined to be twice the peak-to-trough length. 
Imperfection A corresponds to the axisymmetric buckling eigenmode. The 
axisymmetric eigenmode imperfection was identified by performing the eigenvalue 
analysis option of the B0S0R4 program. The eigenvalue results of BOSOR analysis for 
a shell of 1.75 in. in thickness is indicated in Figure 4.5, The first eigenmode with n 
equal to 0 circumferential waves has a value 72.0 psi with buckling at pole. 
Imperfection A is illustrated in Figure 4.6. 
Imperfection B corresponds to the axisymmetric component of the nonsymmetric 
least eigenmode. For a shell of 1.75 in. thickness, the shape of the least eigenmode (the 
lowest buckling load) had 46 circumferential waves and an eigenvalue of 64.46 psi 
(Figure 4.5). Imperfection B is indicated in Figure 4.7. Imperfection B was input as 
axisymmetric due to limitations of B0S0R5 and is of the same shape as the meridian 
with the largest amplitude in nonaxisymmetric eigenmode. 
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Imperfection C, shown in Figure 4.8, corresponds to an axisymmetric sinusoidal 
imperfection, characterized by an amplitude and a wave length. Imperfection C can be 
represented as: 
where e(s) is the deviation from the perfect shell and s is the arclength along the shell 
meridian. 
Imperfection D corresponds to a local flat spot, also known as an increased radius 
imperfection (Figure 4.9). It is characterized by representing the deviation from the shell 
meridian as a 4th order polynomial curve as: 
e(s) = (r/2) sin (2*7r*s)/LK (4.5) 
(4.6) 
v//////. 
Fig. 4.9 Imperfection D - flat spot imperfection 
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The fourth degree polynomial was chosen to match the displacement and slope of the 
imperfect shape at the beginning and ending points to match the perfect shape and the 
displacement at the center of the imperfect shape to equal F. 
The maximum F is governed by ASME fabrication tolerance limits (e in Figure 
2,5). The maximum LK is restricted to the ASME template length (Chapter 2). Table 
4.2 indicates the template lengths for the different shell thicknesses and the maximum 
deviations. is defined in terms of R, t and a non-dimensional imperfection wave 
length parameter, K as; 
Lk = K (Rt)"^ (4.7) 
Table 4.2: ASME template length and maximum deviation parameters 
Thickness of the shell 
(in.) 
Length of template 
(in.) 
Maximum deviation 
(in.) 
0.33 144.0 0.33 
1.75 280.0 1.75 
16.5 510.0 7.05 
50.0 735.0 12.00 
The imperfection sensitivity analysis was performed by varying the imperfection 
wavelength and amplitude. The imperfection wavelengths for Imperfections A and B 
were changed by scaling the shell meridian arc length in Figure 4.6 and Figure 4.7, 
respectively. The resulting arclength may be either truncated or added to in order to 
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match the total arclength. 
Imperfection C was modelled in B0S0R5 using a built-in routine for a sine wave 
imperfection. Imperfection D was generated by computer programs using Eq. 4.6 and 
was input in the form of polar coordinates into the B0S0R5 program. 
4.5 Preliminary analysis 
To identify the critical form of the axisymmetric imperfection a series of 
imperfection sensitivity studies were conducted. The different issues which were 
investigated in the analysis were: 
(a) Effect of location of the imperfection on the buckling load, i.e., at the 
pole or elsewhere on the shell. 
(b) Nature of the imperfection, e.g., Imperfection A modelled in the form of 
a flat spot inward at the pole (Figure 4.6). 
(c) Phase angle of imperfection for Imperfection C (Figure 4.8), i.e., 
modelling of the imperfection starting with a zero amplitude at the base 
or some finite deviation from the perfect shell meridian at the base. 
(d) Type of imperfection, i.e., Imperfection A, Imperfection B, Imperfection 
C or Imperfection D. 
The preliminary imperfection sensitivity studies were restricted to a shell of 
thickness 1.75 in. and with a maximum shell deviation corresponding to ASME tolerance 
limit, i.e., T = 1.75 in. The residual stresses were modelled using the idealized stress 
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strain curve shown in Figure 4.2. The imperfections studied are identified by the 
following cases: 
1. Imperfection A, with the maximum imperfection amplitude inward at the pole. 
2. Imperfection B, with the maximum imperfection amplitude inward at the pole. 
3. Imperfection C, with maximum imperfection amplitude inward at the pole. 
4. Imperfection D, with the maximum imperfection amplitude inward at the pole. 
S.Imperfection A, located such that the maximum imperfection amplitude is at 45° 
from base. 
6. Imperfection B, located such that the maximum imperfection amplitude is at 
45° from base. 
7. Imperfection C, with a zero amplitude at base. 
Based on the results of the analysis summarized in Figure 4.10 and Figure 4.11, 
the following conclusions can be drawn: 
(1) The minimum critical load is achieved by considering any imperfection 
such that the maximum amplitude of imperfection is modelled inward at 
the pole, i.e., as a flat spot (i.e., critical loads in Figure 4.10 are less than 
those in Figure 4.11). 
(2) Considering Imperfection C, the phase angle does have an effect on the 
prediction of the critical load (Cases 3 and 7). The minimum is achieved 
when the maximum amplitude of imperfection is modelled inward at the 
pole, i.e., as a flat spot. 
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Fig. 4.11 Preliminary analysis results - imperfection modelled 
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(3) All the imperfections modelled as a flat spot at the pole predict buckling 
loads within 10% of each other. 
From Figure 4.10, the minimum buckling load is 17.3 psi, which corresponds to two 
imperfections: 
(1) Imperfection A modelled with maximum imperfection amplitude at the 
pole and with a wave length of 5.5 (rt)"^. 
(2) Imperfection C, the sine wave imperfection, modelled with the maximum 
imperfection amplitude at the pole and with a wave length of 6.0 (rt)"^. 
The sensitivity analysis was not continued beyond 6.5 (rt)"^, which is about the ASME 
template size. 
Figure 4.12 indicates the result of the sensitivity analysis performed on a shell of 
thickness of 0.33 inches. Two curves, with T equal to the twice ASME tolerance, and 
four times the ASME tolerance, are shown. The first sensitivity analysis exhibits the 
presence of two minimums, the first minimum of 0.499 psi corresponding to a 
bifurcation load with the number of circumferential waves equal to 42 and the second 
minimum of 0.46 psi corresponding to axisymmetric collapse with the number of 
circumferential waves equal to zero. However, due to the restriction of the templates, 
the minimum load considered is equivalent to 0.499 psi. Similar behavior can be 
expected for the second curve (four times the ASME tolerance) with a minimum load of 
0.25 psi for the bifurcation load. However, the analysis was restricted to the first 
minimum and the n=0 mode was not determined. 
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Table 4.3 is a summary of the analysis performed. The parameters of Table 4.3 
are the type of imperfection used, the critical buckling load pcoMP (Chapter 2), K (Eq. 
4.7) corresponding to the wavelength of the minimum buckling load, K„i„, K 
corresponding to the wave length of the buckle, KB, and the number of circumferential 
waves in the buckle, n. In each of the cases, the wave length of the buckle was twice 
the imperfection wavelength except in the cases where the imperfection was modelled at 
the pole. In such cases, the limit load of the shell was reached by axisymmetric collapse 
(n=0) and bifurcation does not occur. 
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Table 4.3: Summary of Imperfection sensitivity analysis (t=1.75 in., F = 1 ASME) 
Description PcOMP 
^si.) 
KB  N 
Imperfection A - maximum imperfection 
amplitude at pole (Case 1) 
17.30 5.5 5.5 0 
Imperfection B - maximum imperfection 
amplitude at pole (Case 2) 
20.10 6.11 6.11 0 
Imperfection C - maximum imperfection 
amplitude at pole (Case 3) 
17.30 6.11 6.11 0 
Imperfection D (Case 4) 19.10 6.11 6.11 0 
Imperfection A - maximum 
imperfecition amplitude at 45° (Case 5) 
23.90 3.5 7.0 24 
Imperfection B - maximum imperfection 
amplitude at 45° (Case 6) 
32.10 3.5 7.0 9 
Imperfection C - Zero amplitude 
at base (Case 7) 
22.50 3.5 7.0 29 
Figures 4.13 to 4.16 illustrate the axisymmetric component of the buckled mode 
and the input imperfection for some imperfection cases. The arclength along the 
meridian of the hemispherical shell is represented as the abscissa. The ordinates 
correspond to the normalized axisymmetric components. Figure 4.12 corresponds to 
Imperfection A modelled as a bulge in the middle of the shell meridian. The wavelength 
of parameters of the imperfection and the buckled mode are 4 and 7.8, respectively. 
This is consistent with Koiter's prediction for cylinders as reported in [37]. Figure 4.14 
illustrates Imperfection B modelled at the base of the shell. The wavelength of the 
imperfection is 80.2 in., equivalent to a wavelength parameter of 3.5. However, the 
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Fig, 4.14 Imperfection B - imperfection vs. buckled mode 
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wavelength parameter value of the buckle is only 4.0 indicating that the buckle is not 
fully developed due to the presence of fixed boundaries. Figure 4.15 corresponds to the 
same imperfection (Imperfection B) modelled in the middle of the shell meridian, with 
the maximum ordinate of the imperfection subtending an angle of 63° at the center. This 
is similar to Case 6 indicated above. The wavelength of the buckle is twice the 
wavelength of the input imperfection. Figure 4.16 indicates the Imperfection C 
corresponding to a wave length of 3.5 (rt)'^. The wavelength of the buckle is twice the 
wavelength of the input imperfection. 
4.6 Imperfection sensitivity studies 
On the basis of the above analysis, Imperfection A modelled such that the 
maximum amplitude is at the pole is most critical. As mentioned in Section 4.4, the 
buckling load is sensitive to the wavelength of the imperfection. Hence by considering 
Imperfection A, a series of sensitivity studies were made with the thicknesses of 0.33 in., 
1.75 in., 16.5 in. and 50.0 in. and for deviations meeting ASME and twice ASME 
tolerances. In addition, sensitivity analysis were performed on shells of thickness of 0.33 
in. with deviation meeting two and half and four times ASME tolerances. The results 
for all the thicknesses are indicated in tabular forms in Appendix A. Tables 4.4 and 4.5 
are a summary of the results using the idealized stress strain curve shown in Figure 4.2 
and the cold bend method, respectively. The parameters of Table 4.4 are: F indicated 
as a multiplier of the ASME tolerance value, the buckling load or the limit load achieved 
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PcoMP> the buckling stress value, ffcoMP> and the ratio of Pcomp to yield pressure, p^ 
where CCOMP ~ PCOMP R/2t (4.8) 
Py = 2tay/R (4.9) 
where is the yield stress of the material. In all the cases, the normalized critical 
pressure values using the idealized stress strain curve were smaller than those predicted 
using the cold bending method to model the residual stresses. 
4.7 Comparison with ASME Code Case N-284 
ASME Code Case N-284 [27] provides an accepted method for determining the 
buckling loads of shells of revolution (Chapter 2, Eq. 2.18). Table 4.6 indicates the 
buckling stress values as per ASME Code Case N-284. The parameters of Table 4.6 are 
PN-284> the ratio Pn.284 to py. 
On examination of Tables 4.4 and 4.6, the following can be stated. For very thin 
shells of R/t ratio of 3650 (thickness of 0.33 in.), an imperfection amplitude of four 
times the ASME value was required to bound the Code Case N-284. For shells in the 
intermediate range of thickness, i.e., R/t ratio of 700 (thickness of 1.75 in.), the 
imperfection amplitude would have to be greater than twice the ASME value to bound 
the Code Case N-284. For thicker shells, i.e., between R/t ratios of 75 (thickness of 
16.5 in.) and 25 (thickness of 50 in.), the imperfection amplitude would have to be 
increased to a value beyond the ASME value to match the Code Case N-284. 
93 
Table 4.4: Summary of imperfection sensitivity analysis: Buckling loads using the 
idealized stress strain curve to model residual stresses. 
Thickness of Deviation from Buckling load Buckling PcOMp/Py 
the shell (in.) perfect shell PcoMP (psi.) stress 
r (in.) o^coMP (psi.) 
0.33 1 ASME 0.77 1401.8 0.024 
2 ASME 0.50 907.3 0.015 
2.5 ASME 0.40 727.3 0.012 
4 ASME 0.25 454.6 0.008 
1.75 1 ASME 17.3 5931.4 0.100 
2 ASME 14.4 4937.1 0.083 
16.5 1 ASME 1030.0 37454.6 0.63 
2 ASME 810.0 29454.6 0.50 
50.0 1 ASME 4240.0 50880.0 0.86 
2 ASME 3420.0 41040.0 0.69 
Table 4.5: Summary of imperfection sensitivity analysis: Buckling loads using the 
coldbending method to model residual stresses. 
Thickness of Deviation from Buckling load Buckling PcOMp/Py 
the shell (in.) perfect shell PcoM? (psi.) stress 
r (in.) o^coMP (psi.) 
0.33 1 ASME 0.80 1461.8 0.025 
2 ASME 0.50 912.7 0.015 
4 ASME 0.26 478.2 0.008 
1.75 1 ASME 17.6 6034.3 0.101 
2 ASME 14.8 5074.3 0.083 
16.5 1 ASME 1200.6 43658.3 0.73 
2 ASME 819.6 29803.6 0.50 
50.0 1 ASME 4529.6 54355.2 0.91 
2 ASME 3519.6 42235.2 0.71 
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Table 4.6: ASME Code Case N-284 analysis 
Thickness of Elastic Capacity Plasticity pN-284 PN-284/Py 
the shell (in.) stress ffe reduction reduction 
(psi.) factor a factor 7} (psi.) 
0.33 4872.3 0.124 1.0 0.33 0.0102 
1.75 25837.9 0.124 1.0 9.34 0.0539 
16.5 243614.0 0.167 0.73 820.08 0.5012 
50.0 738226.0 0.233 0.30 4343.17 0.8759 
4.8 Comparison with experimental results 
The analytical analysis results are compared with experimental results in Figure 
4.17. The experimental results are of aluminum and PVC materials. No steel spherical 
shell tests could be located. The normalized predicted buckling pressures by analytic 
means, (PcoMp/py). the normalized experimental buckling pressures, (PEXpr/Py) 
plotted as the ordinate. The abscissa is the normalized buckling pressure as predicted 
by the ASME Code Case (PN-284/Py)- A" examination of Figure 4.17 confirms the 
conclusions from Section 4.7. In order for the design recommendations to be a lower 
bound of the test results, the following conditions on the imperfection amplitude, F, must 
be met: 
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(1) A value of T which meets ASME tolerance is adequate for very thick 
shells, i.e., for shell R/t values between 75 and 25 (shell thickness 
between 16.5 in. and 50 in). (pN-asVPy values in the regime of 0.50 to 
1.0). 
(2) For moderately thick shells, i.e., an R/t value of 700 (shell thickness of 
1.75 in.), r should be equivalent to twice the ASME tolerance. (PNWPX 
value of 0.05). 
(3) For very thin shells, i.e., an R/t value of 3650 (shell thickness of 0.33 
in.), r should be equivalent to four times the ASME tolerance, (pN.284/Py 
value of 0.01). 
Figure 4.17 also shows that Code Case N-284 forms a lower bound to the 
experimental results. Considering these parameters, the minimum bound curve in Figure 
4.17 is recommended as a design aid. The curve can be used to determine the maximum 
peak to peak imperfection amplitude, F, to be used in an analytical model when 
designing spherical shells. The resulting analysis will predict buckling loads which are 
lower bound to experimental results. A summary of the recommendation is plotted in 
Figure 4.18. In addition, a procedure for analyzing spherical shells is established. Since 
the recommended design procedure could be used for the analysis of shells of different 
materials, the imperfection amplitude is plotted as a function of the pN.284/Py 
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Fig. 4.17 Comparison of sensitivity analysis results with experimental results - idealized stress 
strain curve 
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4.9 Recommended design procedure 
To design or analyze a shell under this procedure, the N-284 pressure value 
corresponding to the parameters of the shell is determined first. Based on the PN.284/Py 
value, a value for r can be selected from Figure 4.18. For intermediate values of pN. 
2g4/py, the value of T can be interpolated. The perfect shell is analyzed first to generate 
Imperfection A which is axisymmetric and is the first eigenmode. Imperfection A in the 
form of a flat spot should be utilized as the imperfection and a sensitivity analysis done 
with BOSOR5 to minimize PCOMP as a function of imperfection wavelength, LR. The 
analytical predictions based on the suggested design procedure will be less conservative 
than the Code Case N-284 except in the range of pN-2g4/Py values of 0.01 to 0.02. 
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CHAPTER 5: IMPERFECTION SENSITIVITY ANALYSIS - GRADIENT 
LOADING 
5.1 Introduction 
The present chapter compares the effect of different axisymmetric geometric 
imperfections on the buckling behavior of a clamped hemispherical shell subjected to 
gradient loading. The gradient loading case was considered since the resulting stress 
resultant profile, with compressive meridional stresses and tensile circumferential 
stresses, closely resembles that induced in a structure subjected to seismic excitation. 
Such a stress profile can be achieved by loading the shell with its selfweight. The latter 
loading case is used in this investigation since it is axisymmetric. Sensitivity analyses 
were performed with regard to the thickness of the shell, t, imperfection shape, 
imperfection amplitude, F, and imperfection wavelength, LK. The imperfection 
amplitude, F, was restricted to the deviation permitted by the ASME tolerances. Effects 
of residual stresses on the buckling strength was introduced in the analysis by using the 
idealized stress strain curve shown in Figure 4.2 and by simulation through cold bending 
as shown in Figure 4.3 and Figure 4.4. 
The axisymmetric model of the clamped hemispherical shell, shown in Figure 4.1, 
was used for the analysis. Three different shell thicknesses, 0.33 in., 1.75 in. and 16.5 
in. with radius to thickness (R/t) ratios of 3636, 686, 73 and 24, respectively, were 
considered. The recommendations with regard to the element size and input 
requirements as described in Section 4.1 were followed. 
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5.2 Perfect shell behavior 
This section summarizes the results of the analysis for a perfect shell of thickness 
of 1.75 in. with the material modelled by the idealized stress strain curve and by the cold 
bending method. The buckling load multiplier at failure can be expressed by the 
following equation: 
W. 
— TpoMP W COMP ~ A COM  (5.1) 
where 
WcOMP 
Tc 
W 
^COMP 
computed load at failure 
load multiplier 
input load (self weight in the form of meridional traction 
and normal pressures) 
The hemispherical shell collapsed axisymmetrically in both cases, indicating that the shell 
failed by reaching the limit load rather than the bifurcation point. The buckling load 
multiplier, using the idealized stress strain curve and the cold bending method were 68.0 
and 70,6, respectively. From the analyses, it can be concluded that the predicted 
buckling load using the idealized stress strain curve was lower than that achieved by 
using the cold bending alternative. 
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5.3 Imperfection parameters 
The following are the three imperfection types that were utilized in this work. 
Imperfection A corresponds to the axisymmetric buckling eigenmode which also is the 
least eigenmode for this loading. The axisymmetric eigenmode imperfection was 
identified by performing a linear eigenvalue analysis option of the B0S0R4 program. 
The eigenvalue results of BOSOR analysis for the shell of 1.75 in. in thickness is 
indicated in Figure 5.1. The first eigenmode with n equal to 0 circumferential waves has 
an eigenvalue of 95.75 with buckling at base. Imperfection A in the form of a flat spot 
is illustrated in Figure 5.2. The imperfection sensitivity analysis was performed by 
varying L^. For imperfection A, was changed by scaling the arclength along the 
imperfection and ensuring that the resultant shape resembles the original. 
Imperfection C corresponds to a sinusoidal imperfection and is represented as in 
Figure 4.8 (Eq. 4.5). Imperfection C was modelled in B0S0R5 using a built-in routine 
for a sine wave imperfection. Imperfection D, shown in Figure 5.3, corresponds to a 
inward bulge. It is also known as an increased radius imperfection. It is characterized 
by representing the deviation from the shell meridian as a 4th order polynomial curve 
starting from base (Sec. 4.4). The fourth degree polynomial was chosen such that the 
slope of the perfect and imperfect shapes match each other at the beginning and ending 
points of the imperfection wavelength. Imperfection D was generated by a computer 
program using Eq. 4.6. 
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5.4 Preliminary analysis 
The hemispherical shell was analyzed for the three different imperfection shapes 
described above. The initial analysis considered only shells of 1.75 in. in thickness. 
The imperfections A and C were modelled with an inward bulge or an outward bulge at 
the base. The results of the analysis are summarized in Table 5.1 and Figure 5.4, On 
examination of Figure 5.4, it was concluded that the minimum critical load was achieved 
by considering a sinewave imperfection (Imperfection C) with an inward bulge at the 
base, i.e., indicating the influence of the phase angle of the imperfection on the achieved 
minimum critical buckling load. The minimum buckling load multiplier, TCOMP. 
corresponds to a wavelength of 3.0 (rt)"^. 
Table 5.1: Summary of Imperfection sensitivity analysis (t=1.75 in., 
r = 1 ASME) 
Description TCOMP Knun N 
Imperfection A - modelled as an outer bulge 46.0 2.0 0 
Imperfection A - modelled as an inner bulge 44.4 2.5 0 
Imperfection C - modelled as an outer bulge 43.0 3.0 19 
Imperfection C - modelled as an inner bulge 40.9 3.0 0 
Imperfection D - modelled as an outer bulge 50.0 1.5 19 
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S.S Imperfection sensitivity studies 
The critical imperfection shape obtained above was further used to determine: 
(i) the effect of different residual stress models on other (R/t) ratios and 
(ii) the minimum buckling load which is a function of the imperfection wave 
length. 
The analysis was performed using the thicknesses of 0.33 in., 1.75 in. and 16.5 in. and 
through a series of sensitivity studies. The results for these analyses are summarized in 
tabular forms in the Appendix. The minimum buckling values resulted from these 
analyses are given in Tables 5.2 and 5.3. These tables indicated that the load multiplier 
values using the idealized stress strain curve were smaller than those predicted using the 
cold bending method to model the residual stresses. 
Table 5.2: Siunmary of imperfection sensitivity analysis: 
Buckling loads using the idealized stress 
strain curve to model residual stresses. 
Thickness of 
the shell (in.) 
Buckling load 
multiplier 
Tcomp 
K„un 
0.33 6.26 3.0 
1.75 40.90 3.0 
16.5 105.50 1.5 
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Table 5.3: Summary of imperfection sensitivity analysis: 
Buckling loads using the cold bending method 
to model residual stresses. 
Thickness of 
the shell (in.) 
Buckling load 
multiplier 
TCOMP 
^^min 
0.33 6.26 3.0 
1.75 40.90 3.0 
16.5 105.50 1.5 
5.6 Design recommendation 
Since loading conditions resulting the unequal biaxial stress situation are not 
treated in the ASME Code Case N-284 [27], the results of the analysis performed in this 
study cannot be compared with Code values. However, as a design aid, it is 
recommended that spherical shells under unequal compressive meridional and tensile 
circumferential stresses be designed using a sine wave imperfection with an inward bulge 
at the point of maximum compressive stress. In addition, the residual stress effects 
should be modelled using the idealized stress strain curve shown in Figure 4.2, 
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CHAPTER 6: SPHERICAL CAP WITH REINFORCED OPENING 
6.1 Introduction 
The present chapter compares the effect of different axisymmetric geometric 
imperfections on the buckling behavior of a clamped spherical cap with a reinforced 
opening at the top and subjected to a ring load applied around the circumference of the 
opening. This is a common structural problem since it occurs in nuclear containment 
structures where the ASME Code requires strengthening the area around the penetration 
[70]. Sensitivity analyses were performed with regard to the imperfection shape and 
imperfection wavelength LK. The imperfection amplitude, F, was restricted to the 
deviation permitted by the ASME tolerances. Residual stresses were introduced in the 
analysis by using the stress strain curve shown in Figure 4.2, since this method modelled 
the residual stress effects adequately for the pressure and gradient load cases. 
The sectional elevation of a portion of the spherical shell analyzed herein is shown 
in Figure 6.1. The geometry for the reinforced opening was chosen from a typical 
nuclear containment hatch detail [70]. This model is a sector of a spherical shell, 1.75 
in. in thickness and 1200 in. in radius, subtending an angle of 60° at the center as shown 
in Figure 6.1. The shell thickness around the circular opening is increased to 3.5" as 
reinforcement. The barrel is a circular cylinder with inner radius of 132 in., wall 
thickness of 3.75 in., and length of 30.4 in. A tapering transition zone of 10 in. leads 
from the thicker shell near the opening to the thinner spherical cap. 
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The ASME design guidelines for the modelling of the reinforcement in the 
transition zone were followed [70]. The barrel and shell were modelled using the shell 
elements in B0S0R5. The recommendations with regard to element size and input 
requirements as mentioned in Section 4.1 were followed. Fixed boundary conditions 
were applied at the lower edge of the cap. The boundary conditions do not effect the 
behavior of the opening as the intermediate arclength is sufficiently long. Axisymmetric 
ring load, P, as shown in Figure 6.1 was applied on the barrel. 
6.2 Perfect shell behavior 
The above described structure was first analyzed by considering a perfect shell 
while gradually incrementing the ring load. The shell collapsed axisymmetrically 
indicating failure by reaching the limit load rather than the bifurcation point. The 
predicted collapse load was 8440 lb/in. The failure was by excessive plastification of 
transition zone. 
6.3 Imperfection parameters 
The penetrated spherical cap was next analyzed by considering two imperfect 
configurations. The first was Imperfection C corresponding to a sinusoidal imperfection 
and is represented in Figure 6.2 (Eq. 4.5). It was ensured that the maximum 
imperfection amplitude, in the form of either an outer bulge or an inner bulge, is 
achieved at the junction of the point of attachment of the barrel with the shell. 
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Fig. 6.2 Imperfection C - sine wave imperfection (modelled 
as inward bulge) 
LK/2 
Fig. 6.3 Imperfection D - inward bulge 
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The second was Imperfection D, shown in Figure 6.3, modelled such that 
deviation from the shell meridian as a 4th order polynomial curve (Eq, 4.6). As modelled 
in Imperfection C, Imperfection D was modelled in the form of an outer bulge or an 
inner bulge. Figure 6.2 and Figure 6.3 indicate the imperfections in the form of an inner 
bulge. The imperfection sensitivity analysis was performed by varying L^. 
6.4 Sensitivity study 
The results of the analysis are summarized in Figure 6.4 and Table 6.1. On 
examination of Figure 6.4, it was concluded that the minimum critical load was achieved 
by considering a sine wave imperfection (Imperfection C) with a maximum inward 
amplitude at the point of attachment of the barrel to the shell. The minimum buckling 
load, PcoMPj was associated with a wavelength of 3.0 (rt)"^. 
6.5 Design recommendation 
Since loading conditions resulting from this situation are not treated in the ASME 
Code Case N-284, the results of the analysis cannot be compared with either the code 
values or the experimental results. However, as a design aid, it is recommended that 
shell penetrations be designed using a 4th degree polynomial or a sine wave imperfection 
with a flat spot at the point of attachment of the barrel with shell for the design 
imperfection. 
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Table 6.1: Summary of Imperfection sensitivity analysis (t=1.75 in., T = 1 ASME) 
Description PcOMP 
(lb/in.) 
K„in N 
Imperfection C - modelled as an inward 
bulge 
2460 3.0 0 
Imperfection D - modelled as an inward 
bulge 
2400 3.0 0 
Imperfection C - modelled as an 
outward bulge 
5000 4.0 0 
Imperfection D - modelled as an 
outward bulge 
5820 4.0 0 
Sine wave Imperfection D Sine wave Imperfection D 
(inner Jbulge) (inner jiulge) (outer Jaulge) (outerJaulge) 
I r I I I I I I I I t i 
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CHAPTER 7: SUMMARY AND CONCLUSIONS 
7.1 Summary 
The objectives of the work presented in this dissertation were to identify the 
most critical amplitude and wave length of a suitable axisymmetric geometric 
imperfection in spherical shells that can be used in a design environment for the 
buckling analysis of spherical shells and to determine a material model that would 
adequately model the residual stresses that arise during fabrication. 
The objectives were accomplished by identifying the different loadings that 
occur in practical structures. They are external pressure loading, gradient loading 
similar to self weight and ring loading on an axisymmetric penetration. For each type 
of loading, a set of axisymmetric geometric imperfections were examined and the 
appropriate imperfection which would result in the lowest buckling load was identified 
for a single thickness of shell. The analysis was repeated for different radius to 
thickness, R/t, ratios. The residual stresses were incorporated by two different 
methods. The first was in the form of an idealized stress curve derived from test 
results and the second was simulation of residual stress effects through cold bending. 
Based on the numerical analysis results, appropriate design recommendations were 
made. All the imperfections were governed by the ASME code tolerances with 
regard to imperfection wave length and amplitude. 
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7.2 Conclusions 
1. The stress strain curve derived from the test results was adequate in modelling 
the effect of residual stresses. 
2. For the external pressure cases the axisymmetric eigenmode, which is the first 
eigenmode of the structure, modelled such that the maximum inward amplitude 
is at the pole of the spherical shell (i.e., modelled as an inward bulge) was the 
most critical imperfection. In order to achieve agreement between the 
numerical analysis results and available experimental data, amplitudes beyond 
the ASME tolerances are required. A design recommendation for the choice 
imperfection amplitude, T, in the form of a graphical design aid was presented 
in Figure 4.18 along with a design procedure. 
3. For the gradient loading cases, a sinusoidal imperfection, modelled in the form 
of an inward bulge such that the maximum imperfection amplitude occurs at 
the point of maximum compressive stress, was most critical. 
4. For a ring loaded axisymmetric penetration cases, a sinusoidal imperfection, 
modelled in the form of an inward bulge such that the maximum imperfection 
amplitude occurs at the point of attachment of the barrel, was most critical. 
7.3 Recommendations for further work; 
In order to gain further insight into suitable imperfections to be used in the 
analysis, the following recommendations are made: 
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A three dimensional analysis of spherical shells incorporating 
the effects of nonaxisymmetric random imperfections is to be 
performed. 
The effect of local residual stress effects, i.e., residual stress 
effects at the shell boundaries alone are to be examined. 
The present work should be extended to shells other than 
spherical shells to establish a set of design imperfections to be 
used in the analysis. 
Further experiments on spherical shells with axisymmetric and 
asymmetric loading are to be performed over a large number of 
R/t ratios. 
The ASME design guidelines as to the design tolerances 
permitted should be examined on the basis of the present study. 
Theoretical avenues for the determination of the most critical 
imperfection should be examined. 
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APPENDIX: EXPERIMENTAL RESULTS AND IMPERFECTION 
SENSITIVITY STUDIES 
A.l Experimental results 
The present chapter presents the reduced experimental results collected from 
different sources in Tables A. 1 to A.7. The experimental results are discussed in 
Chapter 2 and used in Chapter 4. In Tables A.l to A.7, the parameters are the source 
of the data, material properties of different models, t, R, the sector angle of the 
spherical cap, w, the experimental pressure at failure, pExn-> the ratio of the 
experimental pressures to the yield pressures, PEXpr^Py and the ratio of the buckling as 
determined by the ASME Code case N-284 [27] to the yield pressures, PN.284/Py 
A.2 Imperfection sensitivity analysis: 
The minimum buckling loads presented in Chapters 4,5 and 6 are the result of 
imperfection sensitivity analyses on the imperfection wave length, LK. The 
imperfection sensitivity analyses results are presented in Tables B.l to B.24, C.l to 
C. 10 and D. 1 for external pressure, gradient loading and axisymmetric ring loading 
on a penetration cases, respectively. 
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EXPERIMENTAL RESULTS 
Table A.l: Aluminium samples set 1 
Source: Ref. [9] 
Material Properties: 7075-T6 Aluminium alloy 
E = 10.8 X 10*^ psi (Ty = 80,000 psi 
s. 
No. 
Model t 
(in.) 
R 
(in.) 
0} 
(deg.) 
PEXPT 
(psi) 
PEXPT^ 
Py 
PN-284/ 
Py 
1 SS-57 0.0394 3.01970 16.5 2050 0.98200 0.50541 
2 SS-58 0.0346 3.01730 18.5 1080 0.58860 0.39900 
3 SS-59 0.0298 3.01490 20.0 690 0.43630 0.31390 
4 SS-60 0.0301 3.01510 22.8 605 0.37880 0.29390 
5 SS-61 0.0299 3.01500 25.7 580 0.36552 0.27120 
6 SS-62 0.0300 3.01500 25.7 570 0.35803 0.27240 
7 SS-63 0.0200 3.01010 23.4 290 0.54560 0.17050 
8 SS-64 0.0200 3.01000 25.7 312 0.58700 0.16110 
9 SS-65 0.0147 3.00735 24.3 193 0.24680 0.11180 
10 SS-66 0.0147 3.00735 32.4 225 0.28769 0.09410 
11 SS-67 0.0141 3.00705 32.4 218 0.29508 0.08913 
12 SS-68 0.0100 2.00500 28.1 226 0.28321 0.10520 
13 SS-69 0.0096 2.0048 38.1 213 0.27800 0.08310 
14 SS-70 0.0107 2.00535 46.0 257 0.30100 0.08544 
15 SS-71 0.0105 2.00525 54.0 249 0.29720 0.07570 
16 SS-72 0.0105 2.00525 60.0 246 0.29362 0.07109 
17 SS-73 0.0104 2.00520 35.0 245 0.29524 0.09702 
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Table A.2: Aluminium samples set 2 
Source: Ref. [11] 
Material Properties: 7075-T6 Aluminium alloy 
E = 10.8 X 10® psi Oy = 78,000 psi 
s. 
No. 
Model t 
(in.) 
R 
(in.) 
C) 
(deg.) 
PEXPT 
(psi) 
PEXPT^ 
Py 
PN-284/ 
Py 
1 FS-1 0.0061 0.8156 180 328 0.2811 0.07770 
2 FS-4 0.0104 0.8177 180 1230 0.6199 0.13211 
3 FS-7 0.0247 0.8249 180 4280 0.9163 0.36390 
4 FS-10 0.0062 0.8156 180 388 0.3272 0.07896 
5 FS-13 0.0102 0.8175 180 1040 0.5343 0.12960 
6 FS-16 0.0250 0.8250 180 4215 0.8916 0.36960 
7 FS-19 0.0050 0.8150 180 153 0.1599 0.06373 
8 FS-22 0.0104 0.8177 180 718 0.3619 0.13210 
9 FS-25 0.0251 0.8251 180 3880 0.8176 0.37140 
10 FS-28 0.0061 0.8156 180 228 0.1954 0.07770 
11 FS-31 0.0104 0.8177 180 525 0.2646 0.13210 
12 FS-34 0.0248 0.8249 180 2850 0.6077 0.36580 
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Table A.3: Aluminium samples set 3 
Source: Ref. [8] 
Material Properties: 6061-Tb Aluminium alloy 
E = 10.8 X 10® psi ffy = 43,000 psi 
s. 
No. 
Model t 
(in.) 
R 
(in.) 
U 
(deg.) 
PEXPT 
(psi) 
PEXPT/ 
Py 
PN-284/ 
Py 
1 A 0.0098 0.80190 180 890 0.8468 0.2303 
2 B 0.0100 0.80200 180 935 0.8719 0.2350 
3 C 0.0202 0.80710 180 1810 0.8409 0.5228 
4 D 0.0202 0.80710 180 1790 0.8316 0.5228 
5 E 0.0341 0.81405 180 3350 0.9299 0.6338 
6 F 0.0345 0.81425 180 3375 0.9262 0.6366 
7 G 0.0494 0.82170 180 4950 0.9574 0.7434 
8 H 0.0494 0.82170 180 5150 0.9961 0.7434 
9 I 0.0620 0.82800 180 5900 0.9162 0.8136 
10 II 0.0660 0.83000 180 6300 0.9213 0.8314 
11 J 0.0640 0.82900 180 6450 0.9715 0.8227 
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Table A.3: Aluminium samples set 3 (cont.) 
Source: Ref. [8] 
Material Properties: 6061-Tb Aluminium alloy 
E = 10.8 X 10® psi ffy = 43,000 psi 
s. 
No. 
Model t 
(in.) 
R 
(in.) 
(b 
(deg.) 
PEXPT 
(psi) 
PEXPT^ 
Py 
PN-284/ 
Py 
12 K 0.0790 0.83650 180 8200 1.0096 0.8790 
13 L 0.0810 0.83750 180 8200 0.9859 0.8852 
14 M 0.0076 0.80080 180 800 0.5268 0.0961 
15 N 0.0077 0.80090 180 830 0.5396 0.0974 
16 0 0.0100 0.80200 180 1170 0.5865 0.1263 
17 00 0.0096 0.80180 180 1230 0.6421 0.1213 
18 p 0.0106 0.80230 180 1215 0.5748 0.1338 
19 Q 0.0190 0.80650 180 3160 0.8383 0.2598 
20 R 0.0195 0.80675 180 3280 0.8481 0.2686 
21 S 0.0335 0.81375 180 5875 0.8919 0.5367 
22 T 0.0345 0.81425 180 6200 0.9146 0.5503 
23 U 0.0490 0.82150 180 9050 0.9483 0.6064 
24 V 0.0498 0.82190 180 9300 0.9593 0.6097 
25 W 0.0640 0.82900 180 1220 
0 
0.9877 0.6688 
26 X 0.0640 0.82900 180 1215 
0 
0.9836 0.6688 
128 
Table A.4: PVC samples set 1 
Source: Ref. [15] 
Material Properties: PVC 
E = 0.352 X 10"^ psi Oy = 8000 psi 
s. 
No. 
Model t 
(in.) 
R 
(in.) 
03 
(deg.) 
PEXPT 
(psi) 
PEXPT^ 
Py 
PN-284/ 
Py 
1 C 0.0544 10.880 87.1693 6.81500 0.08500 0.017440 
2 0.0544 10.880 87.1693 5.36500 0.06700 0.017440 
3 C 0.0544 10.880 87.1693 7.47000 0.09340 0.017440 
4 0.0544 10.880 87.1693 5.1250 0.06410 0.017440 
5 c 0.0544 10.880 87.1693 6.9450 0.08680 0.017440 
6 0.0544 10.880 87.1693 5.3675 0.06710 0.017440 
7 c 0.0361 10.830 87.5336 2.8240 0.05295 0.011003 
8 0.0361 10.830 87.5336 1.8830 0.03530 0.011003 
9 c 0.0361 10.830 87.5336 3.3430 0.06270 0.010030 
10 0.0361 10.830 87.5336 1.9880 0.03730 0.010030 
11 C 0.0361 10.830 87.5336 3.0490 0.05720 0.011003 
12 H 0.0361 10.830 87.5336 1.9750 0.03700 0.011003 
13 C 0.0218 10.900 87.0240 1.1295 0.03530 0.006602 
14 C 0.1050 15.750 60.9311 12.5830 0.11800 0.031420 
15 H 0,1050 15.750 60.9311 7.6000 0.07130 0.031420 
16 C 0.1050 15.750 60.9311 12.5170 0.11740 0.031420 
17 H 0.1050 15.750 60.9311 7.2000 0.06750 0.031420 
18 C 0.1050 15.750 60.9311 12.1500 0.11390 0.031420 
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Table A.4; PVC samples set 1 (cont.) 
Source: Ref. [15] 
Material Properties: PVC 
E = 0.352 X 10® psi — 8000 psi 
s. 
No. 
Model t 
(in.) 
R 
(in.) 
U 
(deg.) 
PEXPT 
(psi) 
PEXPT^ 
Py 
PN-284/ 
Py 
19 H 0.1050 15.750 60.9311 7.5250 0.07060 0.031420 
20 C 0.0525 15.750 56.9050 4.0670 0.07630 0.013296 
21 H 0.0525 15.750 56.9050 1.0880 0.02040 0.013296 
22 C 0.0525 15.750 56.9050 4.0410 0.07580 0.013296 
23 H 0.0525 15.750 56.9050 0.9798 0.01840 0.013296 
24 C 0.0525 15.750 56.9050 4.1993 0.07870 0.013296 
25 H 0.0525 15.750 56.9050 1.0100 0.01890 0.013296 
26 C 0.0350 15.750 56.9050 1.3950 0.02620 0.007849 
27 C 0.0350 15.750 56.9050 1.4275 0.02680 0.007849 
28 C 0.0350 15.750 56.9050 1.1300 0.02120 0.007849 
29 C 0.0686 22.295 56.5496 3.0770 0.06250 0.012030 
30 0.0686 22.295 56.5496 0.7218 0.01470 0.012030 
31 C 0.0686 22.295 56.5496 2.6855 0.05460 0.012030 
32 0.0686 22.295 56.5496 0.7250 0.01470 0.012030 
33 C 0.0686 22.295 56.5496 2.6432 0.05370 0.012030 
34 0.0686 22.295 56.5496 0.8160 0.01660 0.012030 
35 C 0.0495 22.275 56.5965 1.2247 0.01970 0.016300 
36 C 0.0495 22.275 56.5965 1.0690 0.01720 0.016300 
37 C 0.0495 22.275 56.5965 1.2010 0.01930 0.016300 
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Table A.5: PVC samples set 2 
Source: Ref. [13] 
Material Properties: PVC rigid vinyl 
E = 0.465 X 10® psi ffy = 8000 psi 
s. 
No. 
Model t 
(in.) 
R 
(in.) 
0) 
(deg.) 
PEXPT 
(psi) 
PEXPT/ 
Py 
PN-284/ 
Py 
1 Spherical 0.0277 8.00 90.0000 5.38 0.0971 0.0151 
2 Spherical 0.0409 10.00 106.2600 7.72 0.1180 0.0178 
3 Spherical 0.0490 14.50 66.9420 5.30 0.0980 0.0162 
4 Spherical 0.0580 20.00 47.1655 3.87 0.0834 0.0164 
5 Spherical 0.0561 20.00 47.1655 2.91 0.0648 0.0157 
6 Spherical 0.0561 20.00 47.1655 3.29 0.0733 0.0157 
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Table A.6; PVC samples set 3 
Source: Ref. [14] 
Material Properties: PVC 
E = 0.450 X 10® psi Oy = 8000 psi 
s. 
No. 
Model t 
(in.) 
R 
(in.) 
(b 
(deg.) 
PEXPT 
(psi) 
PEXPT/ 
Py 
PN-284/ 
Py 
1 B47/1 0.0467 18.98 12.0960 2.16 0.05490 0.02900 
2 B47/2 0.0460 18.98 12.0960 2.09 0.05390 0.02840 
3 B47/3 0.0466 18.98 12.0960 2.07 0.05270 0.02890 
4 B47/4 0.0322 18.98 12.0960 0.91 0.03350 0.01789 
5 B47/5 0.0324 18.98 12.0960 0.90 0.03295 0.01803 
6 B47/6 0.0309 18.98 12.0960 0.94 0.03610 0.01696 
7 B47/7 0.0312 18.98 12.0960 0.91 0.03460 0.01717 
8 B47/8 0.0306 18.98 12.0960 0.87 0.03370 0.01674 
9 B47/9 0.0289 18.98 12.0960 0.87 0.03571 0.01554 
10 B47/10 0.0270 18.98 12.0960 0.86 0.03778 0.01423 
11 B47/11 0.0279 18.98 12.0960 0.86 0.03660 0.01485 
12 B47/12 0.0249 18.99 12.0900 0.63 0.03000 0.01280 
13 B47/13 0.0244 18.99 12.0900 0.61 0.02970 0.01250 
14 B47/14 0.0239 18.99 12.0900 0.59 0.02930 0.01210 
15 B47/15 0.0293 24.99^ 9.1808 0.43 0.02290 0.01310 
16 B47/16 0.0281 24.99 9.1808 0.41 0.02280 0.01237 
17 B47/17 0.0199 24.99 9.1808 0.23 0.01810 0.00790 
18 B47/18 0.0312 13.99 16.4430 1.80 0.05040 0.02120 
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Table A.7; PVC samples set 4 
Source: Ref. [14] 
Material Properties: PVC 
E = 0,450 X 10® psi ffy = 8000 psi 
s. 
No. 
Model t 
(in.) 
R 
(in.) 
d) 
(deg.) 
PEXPT 
(psi) 
PEXPT/ 
Py 
pN-284/ 
Py 
1 TSl 0.0292 11.98 19.2171 2.80 0.07180 0.02170 
2 TS2 0.0278 11.98 19.2171 3.13 0.08430 0.02040 
3 TS3 0.0308 11.98 19.2171 3.92 0.09530 0,02320 
4 TS4 0.0292 11.98 19.2171 2.82 0.07230 0.02170 
5 TS5 0.0299 11.98 19.2171 3.18 0.07960 0.02238 
6 TS6 0.0280 11.98 19.2171 2.86 0.07650 0.02060 
7 TS7 0.0304 11.98 19.2171 3.36 0.08280 0.02287 
8 TS8 0.0277 11.98 19.2171 2.77 0.07490 0.01250 
9 TS9 0.0158 23.99 9.5646 0.18 0.01710 0.00602 
10 TSIO 0.0155 23.99 9.5646 0.17 0.01650 0.00587 
11 TSll 0.0156 23.99 9.5646 0.17 0.01634 0.00592 
12 TS12 0.0154 23.99 9.5646 0.17 0.01660 0.00582 
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BUCKLING LOADS UNDER EXTERNAL PRESSURE LOADING 
Table B.l; Imperfection A (t=L75 in., r= 1*ASME) modelled as a 
flat spot at pole (using stress strain curve) 
K LK PcOMP (psi) 
3.0 137.48 34.0 
3.5 160.39 28.0 
4.0 183.30 22.0 
4.5 206.22 20.0 
5.0 229.13 17.9 
5.5 252.06 17.3 
6.0 274.98 18.5 
6.11 280.0 19.0 
Table B.2: Imperfection B (t=1.75 in., r= 1 ASME) - modelled as a 
flat spot at pole (using stress strain curve) 
K LK PcX)MP (psi) 
2.5 114.56 44.0 
3.0 137.48 34.0 
3.5 160.39 30.0 
4.0 183.30 26.0 
4.5 206.22 24.0 
5.0 229.13 22.0 
5.5 252.06 21.3 
6.0 274.98 20.3 
6.11 280.0 20.1 
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Table B.3: Imperfection C (t=1.75 in., r= 1 ASME) - modelled as a 
flat spot at pole (using stress strain curve) 
K LK PcoMP (psi) 
2.5 114.56 28.0 
3.0 137.48 24.6 
3.5 160.39 22.5 
4.0 183.30 21.8 
4.5 206.22 19.4 
5.0 229.13 18.7 
5.5 252.06 17.9 
6.0 274.98 17.3 
6.11 280.0 17.3 
Table B.4: Imperfection D (t=1.75 in., r= 1 ASME) (using stress strain 
curve) 
K LK PcOMP (psi) 
2.0 91.65 36.0 
4.0 183.30 20.20 
6.0 274.96 19.10 
6.11 280.00 19.10 
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Table B.S: Imperfection A (t=1.75 in., r= 1 ASME) - modelled as a 
flat spot in the middle (using stress strain curve) 
K PcOMP (psi) 
2.5 114.56 24.2 
3.0 137.48 24.0 
3.5 160.39 23.9 
4.0 183.30 25.0 
4.5 206.22 26.0 
Table B.6: Imperfection B (t=1.75 in., r= 1 ASME) - modelled as a 
flat spot at middle (using stress strain curve). 
K LR PcoMP (psi) 
3.0 137.48 32.6 
3.5 160.39 32.1 
4.0 183.30 32.4 
4.5 206.22 32.8 
5.0 229.13 33.0 
= 1 ASME) - modelled with 
stress strain curve). 
Table B.8; Imperfection C (t=0.33 in., r= 2 ASME) - modelled as a 
flat spot at pole (using stress strain curve). 
K LK PcoMP (psi) 
3.5 69.65 0.53 
4.0 79.60 0.499 
4.5 89.55 0.51 
5.0 99.50 0.55 
5.5 109.45 0.62 
6.0 119,40 0.67 
6.5 129,35 0.68 
7.0 139.30 0.59 
7.5 149,25 0.52 
8.0 159,20 0.46 
8.5 169,15 0.55 
9.0 179,10 0.66 
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Table B.7: Imperfection C (t=1.75 in., T 
zero amplitude at base (using 
K LK PcOMP (psi) 
2.5 114,56 25.0 
3.0 137.48 23.3 
3.5 160,39 22.5 
4.0 183.30 22.8 
4.5 206,22 26.0 
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Table B.9: Imperfection C (t=0.33 in., r= 4 ASME) - modelled as a 
flat spot at pole (using stress strain curve). 
K LK PcOMP (psi) 
3.5 69.65 0.36 
4.0 79.60 0.29 
4.5 89.55 0.26 
5.0 99.50 0.25 
5.5 109.45 0.26 
6.0 119.40 0.27 
6.5 129.35 0.30 
7.0 139.30 0.34 
7.5 149.25 0.39 
Table B.IO: Imperfection A (t=0.33 in., r= 1 ASME) - modelled as a flat spot 
at pole (using stress strain curve). 
K LK PcOMP (psi) 
6.0 119.40 1.08 
6.5 129.35 1.04 
7.0 139.30 1.08 
7.24 144.07 1.09 
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Table B.ll: Imperfection A (t=0.33 in., r= 2 ASMS) - modelled as a flat spot 
at pole (using stress strain curve). 
K LK PcOMP (psi) 
5.5 109.45 1.29 
6.0 119.40 0.77 
6.5 129.35 0.72 
7.0 139.30 0.78 
7.24 144.07 0.78 
Table B.12: Imperfection A (t=1.75 in., r= 2 ASME) - modelled as a flat spot 
at pole (using stress strain curve). 
K LK PcOMP (psi) 
3.0 137.48 40.0 
3.5 160.39 35.5 
4.0 183.30 30.0 
4.5 206.22 26.0 
5.0 229.13 22.0 
5.5 252.06 18.1 
6.0 274.98 14.4 
6.11 280.0 14.9 
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Table B.13; Imperfection A (t=16.5 in., r= 1 ASME) - modelled as a flat spot 
at pole (using stress strain curve) 
K LK PcX)MP (psi) 
2.5 351.78 1200 
3.0 422.14 1110 
3.5 492.5 1030 
3.62 510.0 1050 
Table B.14: Imperfection A (t=16.5 in., r= 2 ASME) - modelled as a flat spot 
at pole (using stress strain curve) 
K LK PcX»MP (psi) 
3.0 422.14 910 
3.5 492.5 810 
3.62 510.0 810 
Table B.15: Imperfection A (t= 50 in., r= 1 ASME) - modelled as a flat spot at 
pole (using stress strain curve). 
K LK Pcx)MP (psi) 
2.5 306.19 4340 
3.0 367.42 4240 
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Table B.16: Imperfection A (t= 50 in., r= 2 ASME) - modelled as a flat spot at 
pole (using stress strain curve). 
K LK PcOMP (psi) 
2.5 306.19 3780 
3.0 367.42 3420 
Table B.17: Imperfection A (t=1.75 in., r= 1 ASME) - modelled as a flat spot 
at pole (cold bending) 
K LK PcOMP (psi) 
2.5 114.56 49.6 
3.0 137.48 37.6 
3.5 160.39 29.6 
4.0 183.30 25.6 
4.5 206.22 21.6 
5,0 229.13 17.6 
5.5 252.06 17.6 
6.0 274.98 19.6 
6.11 280.0 19.6 
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Table B.18: Imperfection A (t=1.75 in., r= 2 ASME) - modelled as a flat spot 
at pole (using cold bending method) 
K LK PcOMpCPSi) 
4.5 206.22 27.6 
5.0 229.13 23.6 
5.5 252.06 19.4 
6.0 274.98 14.8 
6.11 280.0 14.8 
Table B.19: Imperfection A (t=0.33 in., r= 1 ASME) - modelled as a flat spot 
at pole (using cold bending method) 
K LK PcX)MP (psi) 
5.5 109.45 1.3 
6.0 119.40 1.2 
6.5 129.35 1.1 
7.0 139.30 1.2 
7.24 144.07 1.2 
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Table B.20: Imperfection A (t=0.33 in., r= 2 ASME) - modelled as a flat spot 
at pole (using cold bending method) 
K LK PcOMP (psi) 
5.5 109.45 1.3 
6.0 119.40 0.77 
6.5 129.35 0.73 
7.0 139.30 0.76 
7.24 144.07 0.78 
Table B.21: Imperfection A (t=16.5 in., r= 1 ASME) - modelled as a flat spot 
at pole (using cold bending method) 
K LK PcOMP (psi) 
2.0 281.43 1360.6 
2.5 351.78 1210.6 
3.0 422.14 1200.6 
3.5 492.5 1200.6 
3.62 510.0 1200.6 
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Table B.22: Imperfection A (t=16.5 in., r= 2 ASME) - modelled as a flat spot 
at pole (using cold bending method) 
K LK PcOMP (psi) 
2.0 281.43 1269.6 
2.5 351.78 1059.6 
3.0 422.14 919.6 
3.5 492.5 819.6 
3.62 510.0 819.6 
Table B.23: Imperfection A (t= 50 in., r= I ASME) - modelled as a flat spot at 
pole (using cold bending method) 
K LK PcOMP (psi) 
2.5 306.19 4530 
3.0 367.42 4300 
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Table B.24: Imperfection A (t= 50 in., r= 2 ASME) - modelled as a flat spot at 
pole (using cold bending method) 
K LK PcOMP (psi) 
2.5 306.19 3900 
3.0 367.42 3520 
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BUCKLING LOADS UNDER SELF WEIGHT LOADING 
Table C.l: Imperfection A (t=1.75 in., r= 1 ASME) modelled as a 
bulge at base ( using stress strain curve) 
K LK Tcomp 
1.5 68.74 52.0 
2.0 91.66 46.0 
2.5 114.56 48.0 
3.0 137.48 50.0 
3.5 160.39 52.0 
4.0 183.30 56.0 
4.5 206.22 58.0 
Table C.2: Imperfection A (t=1.75 in., r= 1 ASME) - modelled as a 
flat spot at base (using stress strain curve) 
K LR Tcxjmp 
1.5 68.74 50.0 
2.0 91.66 46.0 
2.5 114.56 44.4 
3.0 137.48 46.0 
3.5 160.39 47.0 
4.0 183.30 50.0 
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Table C.3: Imperfection C (t=1.75 in., r= 1 ASME) modelled as a 
bulge at base (using stress strain curve) 
K LK TCOMP 
1.5 68.74 46.0 
2.0 91.66 45.6 
2.5 114.56 45.2 
3.0 137.48 43.0 
3.5 160.39 43.8 
4.0 183.30 46.0 
4.5 206.22 48.0 
Table C.4: Imperfection C (t=1.75 in., r= 1 ASME) - modelled as a 
flat spot at base (using stress strain curve) 
K LK Tcomp 
2.0 91.66 43.2 
2.5 114.56 42.8 
3.0 137.48 40.9 
3.5 160.39 43.4 
4.0 183.30 46.8 
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Table C.5: Imperfection D (t=l,75 in., r= 1 ASME) modelled as a flat 
spot at base (using stress strain curve) 
K LK Tcomp 
1.0 45.83 52.0 
1.5 68.74 50.0 
2.0 91.66 52.0 
2.5 114.56 55.0 
3.0 137.48 56.0 
3.5 160.39 59.0 
Table C.6: Imperfection C (t=0.33 in., r= 1 ASME) modelled as a flat 
spot at base (using stress strain curve) 
K LK Tcx)MP 
1.5 29.85 15.0 
2.0 39.80 9.0 
2.5 49.76 6.3 
3.0 59.70 10.0 
3.5 69.66 11.0 
4.0 79.60 15.0 
4.5 89.54 16.0 
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Table C.7; Imperfection C (t=16.5 in., r= 1 ASME) - modelled as a 
flat spot at base (using stress strain curve) 
K LK Tcomp 
0.5 70.36 110.0 
1.0 140.71 105.5 
1.5 211.07 107.0 
2.0 281.43 108.0 
2.5 351.78 110.0 
3.0 422.14 
3.5 492.50 127.0 
4.0 562.86 135.0 
4.5 633.20 140.0 
Table C.8: Imperfection C (t=0.33 in., r= 1 ASME) modelled as a flat 
spot at base (using cold bending method) 
K LK Tcomp 
2.5 49.76 9.2 
3.0 59.70 6.2 
3.5 69.66 8.4 
4.0 79.60 8.6 
4.5 89.54 9.4 
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Table C.9; Imperfection C (t=1.75 in., r= 1 ASME) - modelled as a 
flat spot at base (using cold bending method) 
K LK Tcomp 
2.5 114.56 44.0 
3.0 137.48 41.0 
3.5 160.39 44.8 
4.0 183.30 46.4 
Table C.IO: Imperfection C (t=16.5 in., r= 1 ASME) - modelled as a flat spot 
at base (using cold bending method) 
K LK TcoMP 
0.5 70.36 113.6 
1.0 140.71 106.8 
1.5 211.07 109.0 
2.0 281.43 110.0 
2.5 351.78 115.0 
3.0 422.14 122.6 
3.5 492.50 130.0 
4.0 562.86 140.0 
4.5 633.20 151.6 
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Buckling loads for Axisvmmetric penetration 
Table D.l: Imperfection C (t=1.75 in., r= 1 ASME) sine wave in form 
of a flat spot at hatch and shell intersection (using stress 
strain curve) 
K LK PcOMP 
(lb/in.) 
1.5 68.74 2550 
2 91.65 2450 
2.5 114.60 2440 
3 137.48 2400 
3.5 160.39 2550 
4 183.30 2690 
Table D.2: Imperfection C (t=1.75 in., r= 1 ASME) sine wave in form 
of a bulge at hatch and shell intersection (using stress strain 
curve) 
K LK PcOMP 
Ob/in.) 
1.5 68.74 3010 
2 91.65 2700 
2.5 114.60 2520 
3 137.48 2460 
3.5 160.39 2520 
4 183.30 2620 
4.5 206.22 2740 
5 229.13 2860 
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Table D.3: Imperfection D (t=1.75 in., r= 1 ASME) sine wave in form 
of a flat spot at hatch shell intersection (using stress strain 
curve) 
K LK PcOMP 
(lb/in.) 
3 137.48 5700 
3.5 160.39 5300 
4 183.30 5000 
4.5 206.22 5100 
Table D.4: Imperfection D (t=1.75 in., r= 1 ASME) sine wave in form 
of a flat spot at hatch shell intersection (using stress strain 
curve) 
K LK PcOMP 
(lb/in.) 
2.5 114.60 6600 
3 137.48 6000 
3.5 160.39 5900 
4 183.30 5820 
4.5 206.22 5920 
